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AHHOTAIUA

Beenenue. PaccMoTpeHo pemieHne MaTeMaTHUeCKOM 3aaqy BpalleHHss 00bEMHOM IOBEPXHOCTH B IPOCTPAHCTBE
C OPTOTOHAJIBHBIM 0a3UCOM M €€ 0TOOpaKEHHEM Ha MJIOCKOCTH C UCIOJIb30BaHHEM HMPOCTBHIX F€OMETPHYECKHUX
¢uryp. [laHHas 3a1a4a BOSHUKAET IIPH CONPOBOXKICHUHU TTOJBMKHBIX 00OBEKTOB Ha (hOHE OKpyXKarolieil 00CTaHOBKH.
KoHCTpyKTHBHOM 0COOEHHOCTBIO TAKUX CHUCTEM SIBISAETCS TO, YTO B MX COCTaBE MMEIOTCS (YHKIHMOHAIbHBIE
JOTIONTHUTEIbHBIE JIEMEHTHI, KOTOPbIEe 00€CIeUnBalOT MONyYeHHe HHPOPMAIUU O MAaHEBPHUPYIOIIEM 00BbEeKTe
HaOIONCHUS W BHIPAOATHIBAIOT CUTHANBI yNPAaBICHHUS AT 0TpaboTkK Bo3HUKIIEH ommOku. [TogoOHas omepanus
BBITIOJTHAETCSL HETIPEPEIBHO B peasbHOM MacmTabe BpeMeHH. IIpeamonaraercs, 4To gaHHas 3afada penraeTcs
HCTIONB30BaHHEM IU(POBOI BEIYUCIUTEIHHON MaNIMHE], @ I3MCHEHHE YITIa BU3HPOBAHHS HaOMIOaeMOT0 ITOABHKHOTO
o0bexTa OyneT (GUKCUPOBATHCS B OTACIbHBIE HHTEPBAIBI BPEMEHH, T. €. NapUualIbHO (JUCKpeTHO). HavanpHoe
COCTOSIHHE CUCTEMBI KOOPANHAT MOXKET OBITh ITPE/ICTABICHO B MATPUYHOM BHJIE, COOTBETCTBEHHO HIEPEXO/l B KOHEUHOE
COCTOSIHHE OCYLIECTBISIETCSA B JUCKPETHbIE MOMEHTHI BpeMeHU. MeToa. 3afaua pelieHa B aHATUTHYECKOM BHJIE.
CdopMmynupoBaH psf OrpaHHUYEHUI [0 BETUYHHE BEKTOPOB U IO UX B3aHMHOMY OPUEHTHPOBAHHIO B MPOCTPAHCTBE.
[IpennoxeHHBIN MOAXO] MO3BOJSAET MOBBICUTH HANLIIHOCTh U MPEACKa3yeMOCThb BBIMOIHIEMBIX ONEpanuii 3a cuer
Iepexo/ia OT HENMHEHHBIX TPHTOHOMETPUYECKUX YPAaBHEHUH K IIPOCTEHIINM JIMHEHHBIM onepanysiM. Jlist ieMoHCTparmn
KOPPEKTHOCTH BBITIOTHEHHS W HAIIIJHOCTH IPHIMEHEHHS PEUI0KEHHOTO BEKTOPHO-aNredpandeckoro noaxona GoH
OKpYy»Karommei ooctaHoBKH npencrasieH B *.off popmare (geomview object file format). OcHoBHBIE pe3yJbTaThI.
[ony4eHpl KOHEYHbIE BBIPAXKSHUS [UIS BpAIlEHHsI CHCTEMBI KOOPIMHAT TBEPAOTO Teja C HETOIBIUKHBIM LIEHTPOM
Macc. Oocy:xaenue. [TonydeHnbie pemreHus GopMaaTH30BaHbl HA OCHOBE CTPOrHX MaTeMaTHUCCKUX MPeoOpasoBaHuit
1 OTHOCSITCS K KJIaccy 3a/ad, B KOTOPBIX aHAJTMTHYECKHE COOTHOIIEHUS! TOUHO OIMHUCHIBAIOT JAHHBIE, T. €. KOTJA MpH
OTCYTCTBHH OIINOOK M3MEPEHHI OCTATOYHBIH BEKTOP CUCTEMBI BCETa PaBeH HYII0. Takoi MOaXos MO3BOJISET YHTH OT
BBITIOTHEHUSI IPe0Opa30BaHUil HaJl CIIOXKHBIMH HEJTMHEHHBIMU MaTeMaTHUECKUMH BBIPAKCHUSIMU.
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Abstract

The solution of the mathematical problem of rotation of a three-dimensional surface in space with an orthogonal basis
and its mapping on a plane using simple geometric shapes is considered. This task arises when accompanying moving
objects against the background of the surrounding environment. A design feature of such systems is that they contain
functional additional elements that provide information about the maneuvering object of observation and generate control
signals to work out the error that has occurred. This operation is performed continuously in real time. It is assumed that
this problem is solved using a digital computer, i.e., the change in the angle of sight of the observed moving object will be
recorded in separate time intervals — partial (discrete) ones. The initial state of the coordinate system can be represented
in matrix form, respectively; the transition to the final state is carried out at discrete points in time. The problem is solved
analytically. A number of restrictions on the magnitude of vectors and their mutual orientation in space are formulated.
The proposed approach made it possible to increase the visibility and predictability of the operations performed due to
the transition from nonlinear trigonometric equations to the simplest linear operations. To demonstrate the correctness
of the implementation and clarity of the application of the proposed vector-algebraic approach, the background of the
environment is presented in *.off format (geomview object file format). Finite expressions are obtained for the rotation
of the coordinate system of an elastic body with a fixed center of mass. The solutions obtained are formalized on the
basis of strict mathematical transformations and belong to the class of problems in which analytical relations accurately
describe the data, that is, when, in the absence of measurement errors, the residual vector of the system is always zero.
This approach allows you to avoid performing transformations on complex nonlinear mathematical expressions.
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BBenenue

OnHNM M3 UCTOYHHKOB OMIMOOK, KOTOPBIE BO3HUKAIOT
TIPU PELICHUH 331a4H OLCHUBAHHS KOOPANHAT TOJBHKHBIX
00BEKTOB HAOIIONEHUS, SIBISETCS HEMUHEHHOCTh ypaBHe-
HUI CBSI3U €r0 KOOPAMHAT U KOOPAMHAT U3MEPUTEIbHOU
CHCTEMBI ¢ U3MEpsIeMbIMU NapaMeTpaMu. B ocHoBe anro-
PUTMOB OIpeaeneHus: koopauHar [1, 2] u orcnexuBaHus
[3] moaBMKHBIX OOBEKTOB B IIPOCTPAHCTBE, Yallle BCETO
B IIM(POBBIX BBHIUYMCIUTEIBHBIX CHCTEMAX, PEATM30BaHbI
MIPOCTEHIINE MOJIEITN ABHKEHHS OOBEKTOB C TIOCTOSHHOM
ckopocTbio [4]. OCHOBHOM MPUYMHON UCTONB30BAHUS Ta-
KHX YIPOILIEHHBIX MOZIENEH SIBIAIOTCS OOMIbIINE HHTEPBAJIbI
BPEMEHHN MEXTy MOMEHTaMH OOHOBJIEHUS WH(POPMALNU
[5], 3amepikka pacmpocTpaHEHHUS KOTOPHIX IIPEBHIIIACT
BpEMs1 )KU3HH TMIIOTE3bI O COOCTBEHHON TPAEKTOPHUHU JBHU-
xernus [6, C. 148]. Mcnonp3oBaHne COBPEMEHHBIX H3Me-
pHUTesel T03BOJIAET CYIIECTBEHHO COKPAaTUTh MHTEPBAJIbI
BpPEMEHH MEXXIy UHTepBaJlaMH 00paIleHus K TeKyIleH HH-
(opmanmu. IT0 MO3BOJISIET MOBBICUTH 3()(PEKTUBHOCTD all-
TOpUTMOB [7, 8], mpeAnonaaraeMsIX K peanu3aluu B COCTaBe
IU(PPOBBIX BRIYACIUTEIBHBIX CUCTEM [7]. DD DEKTUBHOCTH
HCIIONIB3YEMBIX AITOPUTMOB OMPEJIEINSETCS HE TOJIBKO TOY-
HOCTBIO OLICHUBAHMS KOOPAMHAT, pa3pemaroniel crocoo-
HOCTBIO 10 KOOPAWHATAM M JOCTOBEPHOCTHIO N3MEPEHUI
pu compoBoxaeHuu [9, 10] MaHeBpUPYOOINX U HE Ma-

HEBPUPYIOIIUX OOBEKTOB, HO U BO3MOXXHOCTSIMU BBIYHC-
JIUTENBHOW CHCTEMBI JIeNaTh MPOTHO3bI C yYETOM B3aHM-
HOTO IIPOCTPAHCTBEHHOTO MOJIOKEHHSI OOBEKTOB C Y4ETOM
OKpYy’Karolieil 00CTaHOBKU. DTO HEU30EIKHO MPUBOIUT K
YCIOKHEHHUIO aaropuT™OB [ 11] ¥ OBBIIIICHHUO TPpeOOBaHMIA
K ux 3¢dexruBHOCTH [3]. JanHOE npoOieMa BbI3BaHA HE
TOJBKO HEOOXOIMMOCTHIO HETIPEPHIBHOTO OTCIIEKHBAHUS
COOCTBEHHOTO MECTOIIOJIOKEHHMSI, HO W TIOCTOSTHHBIM Bpa-
LICHUEM JUHAMHUYECKU U3MEHSIOIIEHCS IPOCTPAHCTBEHHOM
MOJZICTIH OKpY KaroIieii 00OCTaHOBKHU B peallbHOM MaciuTade
BpeMeHH. OHUM U3 BO3MOXHBIX IMyTEeH MOBBIIEHUS (-
(heKTUBHOCTH MPEATIONAraéMbIX K peaan3alii alrOpUTMOB
SIBJISIETCS BEKTOPHOE TIPEICTABICHHE 3a]]a41 OIPE/IeIICHUS
koopruHar [3, C. 50] mo nepBUYHBIM U3MEPEHHBIM ITapame-
TpaMm u (hopMann3alyy MOJyYeHHBIX YPaBHEHUH B Kilacce
BEKTOpHO-MaTpruHbIX ¢yHKImi [12]. TIpeqmerom uccie-
JIOBaHMS SIBIISIETCS] OTKA3 OT HEOOXOIMMOCTH BBITIOTHEHUS
npeoOpa3oBaHMi HaJl CIIOKHBIMH HEJIMHEHHBIMU MaTeMaTH-
YECKUMH BBIPOKECHUSMH U TIEPEXOJT OT HECKOJIBKHX pa3po3-
HEHHBIX METOOB PELICHU 3aa4i TOBOPOTA B IPOCTPAH-
CTBE K €ANHON METOANKE, OCHOBAHHOW Ha KOHCTPYKTHUBHBIX
MeTO/IaxX MPUKIATHOTO XapakTepa [6, 13]. AKTyanpbHOCTH
JTAHHOTO TTOAX0/a 00YyCIOBICHa HEOOXOAMMOCTHIO 00be-
JUHEHUS MHGOPMaLUK NP PELISHUHU 331ay OLICHUBAHU
KOOP/IMHAT TMOJIBHIKHBIX OOBEKTOB B MHOTOTIO3UIIMOHHOM
M3MEpUTENbHOM cucteme [6, 9, 14].
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IToBopoT B TpEXMEPHOM NMPOCTPAHCTBE

BrinonauM mepexoa ot cucteMsl KoopanHat Oxyz K
cucteme Ox;y,z; (puc. 1) npu nomouu AByX HOCHIEN0Ba-
TEJIbHBIX TIOBOPOTOB Ha yIIIBI 0L U f.

[Tpn nepBom moBopoTe cucrema koopauHatr Oxyz ocy-
LIECTBIISCT MApIHAIbHBINA IOBOPOT HA YTOJ 0L BOKPYT OCH
Oz, a iepexo] 3agaH marpuneil 0;. Bropoii moBopor Ha
yroxa B BeimosiHeH BOKpYT ocu Oy;. IIpu aTom mepexon
OIIPEZENeH MaTpuLei 0,.

Marpuua nepexona A,; OT cUCTeMBbI KoopauHaT Oxyz
k cucteMe Ox,y(z; paBHA IPOU3BEACHHUIO MATPHIL Ajyz =

= 05(B)05(w):

cosp 0 —smB cosa sina 0
Ay = 0 Hsma cosa.  Of=
sinf3 0 cosp 1
cosfcosa  cosPsina  —sinf M
=| -sina cosa 0
sinfcosa  sinfsina  cosp

Opuenrarus cucteMsl Ox)(z; OTHOCUTEIBHO CUCTEMBI
Oxyz, XOTOpasl OJTy4€Ha B pe3ylbTare JByX I1OCIEN0Ba-
TEJIbHBIX IOBOPOTOB, 3aBUCHUT OT IOPSAKA BBITIOIHEHUS 10~
BopoTOB [15]. B kauecTBe npuMepa BBITOITHUM 00paTHBII
MOPSAA0K IIOBOPOTOB U B Pe3y/bTaTe MOIy4YuM

cosacosf}  sino  —cosasinf
A5, =|-sinacosf cosa  sinasinf |. )
sinf3 0 cosp

Amnanus BeipaskeHuil (1) u (2) mokazai, uTo Ayz # Az,
T. €. MAaTPUIIB! BPAIICHHS HE SBISIOTCS HHBAPUAHTHBIMH.

B cooTrBeTcTBHHM CO CBOI/ICTBOM napuruaJIbHbIX MaTpHUIl
[16] 3amumiiemM, uyto A32 93 ()0, (B) 05(—0)0,(—p), Torna
MaTpULBI IOBOPOTA IIPUMYT BUA:

[cosa  —sina 0]
05(—0) = sino.  coso. 0],

| 0 0 1]

[cosB 0 sinp ] ®)
8,(-p)=| O 10

|—sinp 0 cosp |

C yderom BelpaxkeHuit (3) Marpuia Agz MPUMET BUJI:

cosocosp  —sina  cosasinf
A3T2 =|sinacosp  cosa  sinosinf
—sinf} 0 cosp

[Mony4um KOHEUHOE BBIPAXKEHHUE, OTPEICIISIOIIee Bpa-
IIEHNE B OOIIEM BHJIE:

Xy X
T

Y1|= A32 y

Zl z

HenocraTkoM maHHOTO MOIXOAA ABIISIETCS CHCTEMa-
THYECKOE HAKOIIEHHWE OMMOOK, YTO HEMPUEMIEMO AJIS
pereHus OONBIIMHCTBA 3374a4. JTO CBSI3aHO C TE€M, YTO Ha
Ka)KJIOM TEKyI[eM I1are 3HadeHHe MECTOIOIOKEHHS coiep-
JKUT MOTPEITHOCTH BCEX MPEABLAYIIHX I1aroB.

A?
zi R B

N

=V

X2

Puc. 1. IIpeobpa3zoBaHie KOOPAUHAT
TPH «3JTEKTPOANHAMHYECKOMY BPAIICHUN

Fig. 1. Coordinate transformation with “electrodynamic”
rotation

Ipoexuus u 6a3uc BeKTOpa B TPEXMEPHOM
MPOCTPaHCTBE

[Ipu BEITOMTHEHWH TIOBOPOTA BEKTOpa a = {x, y, z} Ha
HEKOTOPBIH YT ¥ JANbHEHINEro mpeACcTaBIeHUs B HOBOM
Oasmce BBeEM Pl OTpaHHYCHHNL:

1) Bce BekTOpa MEPIICHANKYISIPHEL, T. €. OPTOTOHAJIBHEI,
2) nmnuHA BceX BEKTOPOB Oasnca paBHA €IUHHUIIE, T. €. OHU

HOPMHPOBAHBI;

3) HU OJWH U3 BEKTOPOB HE JICXKUT B IUNIOCKOCTH, 00pa3o0-

BaHHOM IByMsl JPYTMMU BEKTOPaMHU.

JlaHHBIE OrpaHUuEHHSI MOTYT OBITH (hOPMAIN30BaHbI B
MaTeMaTHYECKOM BHJIE:

k.= 1,0, 03,
k,= {0, 1,0}, )
k,={0,0,1}.

Jns ompeneneHHs HOBOIO IIOJIOKEHUS BEKTOpa
1= {x1, Y1, z;} HEOOXOIUMO 3HATH HE TOJBKO €T0 IJIHHY,
HO W BEJIWYMHY B HampasieHUH b. JlaHHBIE TapaMeTphl
MOTYT OBITH HaICHBI KaK TeOMETPHIECKast IPOCKIHS Ha
COOTBETCTBYIOIIUI BEKTOp (pUC. 2, b) B COOTBETCTBHH C
BBIPAXKECHUEM:
ab

ab b
= projia; = ajh = (alcosp)p =———="—"b, (5)

bl [b| bb

IJe a; — CKalsgpHas NPOeKIHs BEKTOpa a Ha Halpas-
nenue b; (1) — omepaTop CKaJsIPHOTO IPOU3BENICHUS;
b = b/||b|| — exunMuHEIT BekTOp B Hanparnenuu b; |[b|| —
HOpMa BekTopa b; |a| — mmHa a; ¢ — yron Mexy a u b.

OTMeTHM, 9TO YTOJI @ B BEIpaXeHUH (5) HE ABISACTCA
YIIIOM IIOBOPOTa BEKTOPA a;. JJaHHBII yroi 3aBUCHT OT IPO-
SKIIMU BEKTOpa a; Ha COOTBETCTBYIOLIYIO OcCh. I1pu 3TOM
€r0 MOBOPOT B MPOCTPAHCTBE MOXKET OBITH NPEICTABICH
B BUJIE CyMMBI BEKTOPOB B 6azuce (4) C y4eTOM COOTBET-
CTBYIOLUIMX KOOPAMHATHBIX OPT (k,, k), k.) B HOBOM basuce:

al(xl,yl, Zl):kxxl+kyyl+kzzl' (6)
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a

k-=(0,0, 1)

ke=(1,0,0) k,=(0,1,0)

Proj.,a

Projya

X1

Puc. 2. IIpeoGpa3oBaHust KOOPAMHAT IIPU BPAIIEHUH: HCXOTHOE MOJOXKEHHE BEKTOpa a (a); BEKTOp a; B HOBoM 6azuce (b)

Fig. 2. Coordinate transformation during rotation: the initial position of the vector a (a); the vector a; in the new basis (b)

Jns onpeaeneHust TPOCTPAHCTBEHHON OpUEHTAIINHU
BEKTOpa a; B COOTBETCTBUU C BbIpaxkeHUeM (5) HalizieM Be-
JIMYUHY KOOPAUHATHBIX OPT, KOTOPHIE SBIISIOTCS HEU3BECT-
HBIMH BeTMYMHAMH. BBezieHHbIe OrpaHn4eH s II03BOJISIOT
OTKa3aTbCsl OT HEOOXOAMMOCTH COCTABIICHUS U PEIICHHS
CIIOKHOU CHCTEMBI JINHEHHBIX YpaBHEHHUHA. DTO AaeT BO3-
MOXHOCTB OCYIIECTBUTB IIEPEXO] OT CHCTEMbI KOOPANHAT
Oxyz x cucteme Ox|yz| MyTe€M HaXOXACHUS NMPOSKINH
BEKTOpa a; Ha COOTBETCTBYIOLINE OCU CUCTeMBI Ox V(| U
¢ yaeToM BelpakeHus (5). [Ipu 3ToM BeIpakeHHs Iiepexosia
u3 6asuca (4) B HOBBII 0a3uc MOTYT OBITh IIPEOOPA30BaHBI
K BUAY:

_ projxla

X ==
ey

proj,a

= - ’ (7)

b1l

proj.,a

Zl = —.
|z,

C yueroMm BeIpakeHUs (4), u3 BelpaxkeHnus (7), npu
YCJIOBUY HAJIOXKEHHOTO OIPaHUYEHUs 2, 3HaUeHUe x; (I
3HAYECHUH | U z; aHAJIOTHYHO) IPUMET BHI:

aX,

X. ®)

X1 =
X1°X4

06006m1ast noydeHHbIe BeIpaskeHus (6) 1 (8), ¢ yueTom
TOTO, YTO BEKTOP X| U €r0 CKAIIPHOE IIPOU3BE/ICHUE, BHI-
paxenue (7) mpeACTaBUM B BHUIIE:

X| = projya-proj x| + proj,a-proj,x, + proj.a projx,,
Y1 =proja projy, t proj,a-projy, + proj.a-proj.y,, (9)
z| = proj,a proj,z, + proj,a-proj,z, + proj.a-proj.z,.

Amnanu3 BelpaxkeHH# (9) mokasai, 4To nepecueT Koop-
JIUHATHI B HOBBII 0a3UC MPENCTABIAIOT COO0H CyMMy CKa-
JSIPHBIX TPOM3BEICHUH MPOEKIMH Ha COOTBETCTBYIOIINE

OCH KOOpAWHAT.

Puc. 3. cxonHble n300pakeHNs IIOBEPXHOCTEH: Ha INIOCKOCTH (@) ¥ ¢ UCTIOIB30BAaHUEM MPOCTHIX Guryp (b)

Fig. 3. The original image: a surface on a plane (a); a surface using simple shapes (b)
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[

[
.l; p}oj z 1471
/ a -

Puc. 4. TIpuMepbl BpallleHUs] B HECKOJIBKUX IIOCKOCTX: yz (a) u xyz (b)

Fig. 4. Example of rotation in several planes: yz rotation (a); xyz rotation ()

Pe3y.]II>TaTl>I YUCJICHHOTI'0 JKCIIEPUMEHTA

J11 IpOBEPKU KOPPEKTHOCTH MOJYUYECHHBIX BBIPAXKECHUI
BBINOJIHUM YHCJICHHBIA SKCIIEPUMEHT. B kauecTBe ncxon-
HOro 00BEKTa ISl BpalleHus] BEIOEpeM MOJeNb KOHyca B
¢dopmare *.off (geomview object file format). OcobeHHOCTD
JaHHOTO (popMaTa — WHTYUTHBHAS IIPOCTOTA U yHOOCTBO
OTOOpaKEHUS MPOCTPAHCTBEHHBIX MTOBEPXHOCTEH Ha ILI0-
cKocTH (pHc. 3, a), a TaKXKe HAIUIHE UX B CBOOOIHOM J0-
ctyne [17]. Beibop monmenn o0OycCIIOBIIEH TeM, UTO JUIS €€
MMOCTPOCHHMSI OJTHOBPEMEHHO HCIOJIb30BaHO HECKOIBKO
MPOCTBIX MWIOCKUX (uryp (puc. 3, b), uro no3possier Ooee
TIOJTHO OLICHUTDH NOJIYUYCHHBIC PE3YyJIbTaThI.

[IpuMeHeHME OTyYeHHBIX BeIpaXkeHHH (9) 03BOIMIIO0
OCYLIECTBUTH BpAILIEHUE IIPOCTPAHCTBEHHON [TOBEPXHOCTH
B IIPOCTPaHCTBE U 0TOOPa3uTh Ha IIOCcKocTH. [IpoBenem
CpaBHEHHE NPUMEPOB MOTYYEHHBIX N300paskeHui (puc. 4)
U IIPE/ICTABIICHNs KOOPIMHAT IIPH BPAILICHUH TIOBEPXHOCTH

(puc. 2).
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