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AHHOTALUA

BBenenue. /{11 paboTH B yCIOBHUSAX HECTPYKTYPUPOBAHHOTO OKPYKEHHUS pOOOTHI TOJKHBI 00JIaaTh CBOMCTBOM
MMACCHBHOCTH, KOTOPOE MOXET OBITh PEaIM30BaHO C IMMOMOIIBIO AIITOPUTMOB YIIPABICHUS M (PH3HUECKUX AITACTUIHBIX
2JIeMeHTOB. [ MOKHE 371eMEHTHI MOTYT OBITh MCIIOJNB30BAHBI ISl PEKYIIEPAIlU YHEPTUHN, a0COPOUPOBAHUY MTUKOBBIX
YAApHBIX HATPY30K U IS YIIPOIICHUS CHCTEMBI YIIPABJICHUS B LIEJIOM, CHHKasl TPEOOBAHHS K TOYHOCTH HH(POpMAIIUU 00
OKpyKeHHH poboTta. MonenupoBaHue THOKUX Tell, HAPHMED € MOMOIIBIO METO]d KOHEYHBIX 3JIEMEHTOB, BEIYUCITHTEIIHLHO
TpeGOBaTEeNILHO, YTO OrPaHUYMBACT BO3MOKHOCTH HMHUTALIOHHOTO MOZCIIMPOBAHHUS THHAMIYECKOTO TI0BE/ICHHSI pOOOTOB
¢ THOKUMH 37eMeHTaMH. B paboTe mpeyioxkeH MoAxXo[ aHATUTUYECKOTO M UMHUTAIIMOHHOTO MOJETHMPOBAHUN THOKUX
COWICHEHHH ¢ IOMOIIBIO IUIOCKOTO CIy4as MOAEIH MIPOCTPAHCTBEHHOW MPYKUHBI, KOTOPBI 00€CIEYHBAET BEICOKYIO
CKOPOCTh MOAETHPOBaHUS 0e3 morepr ToYHOCTH. CHHTE3 MOAETH THOKOTO COWICHEHHS 3aKIII0YaeTcs B YHCICHHOM
ONTUMHU3AIMY HETMHEHHBIX JJHarpaMM KeCTKOCTH BPalIaTeIbHON U MOCTYNATEeNbHBIX CTENICHE CBOOOIBI IS TUIOCKOTO
CJTydasi MOJICTIH TIPOCTPAHCTBEHHOW MpYXWHBI. CHHTE3MpPOBaHHAS MOJICIb THOKOTO COYJICHEHHUS MO3BOJIET ONHUCATh
OTHOCHTENFHOE IBM)KEHHE NIBYX 3BeHbeB. Meton. Ha mepBoM 3Tamne cHHTe3a rHOKOE COWICHEHHUE ONMTUMH3UPOBAHO
METOJOM KOHEYHBIX JIEMEHTOB JIJIsl MMOMCKA ONMOPHBIX JaHHBIX O MPHUJIOKEHHOW HAarpy3ke U COOTBETCTBYIOUIUX
nedopmanusax. Ha BTopom 3Tamne perieHa ONTUMU3ALMOHHAS 3a/1a4a MOUCKA HETMHEWHBIX AMarpaMM XEeCTKOCTH IUIs
IJIOCKOTO CITy4yasi MOAETIH MPOCTPAHCTBEHHON MPY)KUHBI, IPU 3TOM B Ka4e€CTBE KPUTEPHUS BBHICTYIIaeT MUHUMHU3ALHSA
OMKMOKHA MEXIy ONOPHBIMU JAaHHBIMH U ONTHMHU3HPYEMOI MONEJBIO MPYKUHEL. Ha TpeTheM 3Tame mory4eHHbIe
pe3yabTaTsl BepuUIIUPOBAHBI TOCPEACTBOM HMHTAIMOHHOTO MOAEIUPOBAHUS H/MIIA HATYPHOTO SKCIEPUMEHTA.
OcHoBHBIE pe3yJabTaThl. [Ipe/iiokeH MEeTO/] aHATUTHIECKOTO U MMHTAIIMOHHOTO MOJICTHPOBAHUS THOKUX COWICHEHUI C
TTOMOIIIBIO MOJIEITH IPOCTPAHCTBEHHOU MPYyXHUHBI. Pa3paboTana mporeaypa ONTUMH3AIAHN KECTKOCTH MOJICIH MIPYKHHBIL.
IIpoBeneHa BepuduUKaIys B Cpe/ic UMATAIMOHHOTO MOJICTMPOBAHUS U HATYPHBIN SKCIIEPUMEHT. BBIMOMHEHO cpaBHEHKE
MOJEJIIMPOBAHUN METOJOM KOHEYHBIX AJIEMEHTOB, MOACIUPOBAHUS C TIOMOIILIO MOJIEIH MPYKUHBI U PE3YJIbTaTOB
HaTypHOTO dKcIiepuMeHTa. J[aHHbIe SKCIIepUMEHTa OATBEPAMIN IPUMEHUMOCTD MOJEIH IPOCTPAaHCTBEHHOH NPy KUHbI
JUIS IMUTAIIMOHHOTO MOJICIMPOBAaHMS THOKUX COWICHEHUH pa3lyHbIX Tononoruid. [IpeacTaBiaeHHbI METO TO3BOJIIET
MIPOBOAUTH PACUYET UMHUTAIIOHHOW MOJIEeNH THOKOTO COWICHEHH IPUMEPHO BABOE OBICTpPEE IO CPABHEHHIO C METOAOM
KOHEYHBIX d5eMeHTOB. O6cy:xnenue. [IpemioxkenHas Moneiah THOKOTO COYICHEHNUS MPUMEHAMA JIJISl TOBBIICHHS
CKOPOCTH MUMHUTAIIIOHHOTO MOJICTUPOBAHMS MEXaTPOHHBIX H POOOTOTEXHUIECKUX CUCTEM C THOKUMH COYICHCHUSMH
0e3 oTepH TOYHOCTH. AMIpoOaIys MeTo/Ia TIAHUPYETCSI IPU MMPOSKTUPOBAHUH JIOKOMOIIMOHHBIX, MAHUITYJISIIIHOHHBIX,
HOCHMBIX POOOTOB U 3aXBaTHBIX YCTPOICTB.
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MMHTAIIMOHHOE MOJICTUPOBAHNE, THOKUE COUICHEHHUS, TEOPHS YIPYTOCTH, MOJICIb MCEBIOKECTKOTO TEJIa, ONTUMH3AIIHS,
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Abstract

To operate in unstructured environments, robots must have the property of passivity which can be realized either
through control algorithms or physical elastic elements. Flexible elements can be used to recover energy, absorb peak
shock loads, and simplify the control system, generally reducing the requirements for accurate information about the
robot’s environment. The modeling of flexible bodies, for example using the finite element method, is computationally
demanding, which limits the simulation of the dynamic behavior of robots with flexible elements. In this paper, we
propose an approach for analytical and simulation modeling of flexible joints using the planar case of a spatial spring
model, which provides high speed simulation without loss of accuracy. The synthesis of the flexible joint model consists
of numerical optimization of the nonlinear stiffness diagrams of the rotational and translational degrees of freedom
for the planar case of the spatial spring model. The synthesized flexible joint model allows describing the relative
motion of two links. In the first step of the synthesis, the flexible joint is optimized by finite element method to find
the reference data of applied load and corresponding deformations. In the second stage, an optimization problem is
solved to find nonlinear stiffness diagrams for the planar case of the spatial spring model; the criterion is to minimize
the error between the reference data and the optimized spring model. In the third stage, the obtained results are verified
by simulation and/or physical experiment. The method of analytical and simulation modeling of flexible joints with
the help of spatial spring model is proposed, the procedure of optimization of stiffness of spring model is proposed,
verification in simulation environment is carried out, full-scale experiment is carried out, comparison of simulations
by finite element method, simulation with the help of spring model and results of full-scale experiment is provided.
The proposed method allows the calculation of a simulation model of a flexible joint approximately twice as fast as the
finite element method. The proposed model of flexible joint is necessary to increase the speed of simulation modeling of
mechatronic and robotic systems with compliant hinges without loss of accuracy. Approbation of the method is planned

for the design of locomotion, manipulation, wearable robots, and gripper devices.
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BBenenue

OducHble U XWUIIBIE TTOMEIICHUS, TOPOJICKas cpea,
repecedeHHass MECTHOCTB OTHOCSTCS K HECTPYKTYPHPOBaH-
HOMY OKPYXXCHUIO, U pabOThl B KOTOPOM POOOTOTEXHH-
YEeCKo# cucTeMe HEOOXOIMMO CTPOUTH KapTy MECTHOCTH,
KJIACCU(PUIMPOBATH OKPYXKAOLINE 00bEKTHI, INIAHUPOBATH
JIBIKEHNE, HHTEPIPETHPOBATH COOCTBEHHYIO TUHAMHUKY,
MpUKJIaJblBaTh YCUINA K HOI[CTHHaIOHIeﬁ TIOBEPXHOCTH U
K 00BbEKTaM B3aUMOJCHUCTBHSI, & TAKKE MPABUILHO UHTEP-
MPETHPOBATh COOCTBCHHOE IMOJIOKEHHUE B TIPOCTPAHCTBE.
[Ipou3BoIUTEIBHOCTH U OE30MACHOCTH POOOTA MTPU MaHH-
MYJAMUSIX ¢ O0BEKTaMU OKPYKEHUSI, TIPH TIEPEMEIIICHUH 110
JIOKAIIUH, TIPY B3aUMOJACHUCTBUH C YCIIOBEKOM 3aBHUCHUT OT
TTOJTHOTHI JAHHBIX 00 OKPY)KEHUH M X TOYHOCTH, OIHAKO
a0COITIOTHYIO TOYHOCTB TaPaHTHPOBATh HEBO3MOXKHO. J{71st
o0ecrieueHns HaJJe)KHOCTH, O€30ITaCHOCTH B BBICOKOH ITPO-
HM3BOIUTEIHFHOCTH POOOTOB MPH PaboTe B HECTPYKTYPHPO-
BaHHOM OKPY>KEHHH pOOOTHI JOIDKHEI 00J1a1aTh CBOHCTBOM
naccuBHOCTH [1].

ITaccuBHOCTH B pOOOTOTEXHUYECKOM CUCTEME MOMKET
OBITh pealn30BaHa KakK C MOMOIIBI0 BUPTYAIBHON MPYKH-
HBI, pEATM30BAHHOMN aJTOPUTMHUYCCKU B CHCTEME YIIPaBJIe-
HUS, TaK U MOCPEIACTBOM PEaIbHOW (U3NICCKOHN MPYKH-
Hbl. Ou3nyeckas MpyXWHA WIK MHOTO BHJA AIIACTHYHBIN

3JIEMEHT MOXXET OBITH MCIIOJIB30BAH ISl PEKyINepanuu
SHEpPTUH, BEICTyNas OaTapeeill MOTEeHIMAIBFHON YHEPTHH;
JUISl yCUJIEHHS TeHEPUPYEMOil MOIIHOCTH, ITO3BOJISSI MaJIo-
MOIUIHBIM MPHUBOJIAM 3aIlacaTh YHEPTHIO M BBICBOOOXKAATH
ee UMITYJIbCOM; JIJIsl abCOpOMpOBaHUsI HEPOBHOCTEH 00B-
€KTOB B3aUMOJIECHCTBHSI O€3 JIMIITHETO y4acTusl perysiropa
[2]. DnacTuyHbIe 3IEMEHTHI MO3BOJISIFOT IPEOAONIETh OTpa-
HUYEHUS 110 MPOMYCKHOH CITOCOOHOCTH TPaaUIIMOHHBIX
JKECTKUX NPUBOIOB [3].

DJacTUYHBIE 3JIEMEHTHI MOTYT OBITH HHTEPIIPETUPO-
BaHbI KAK COCTaBHBIC JJICMEHTHI 3BEHEEB MEXaHU3MOB PO-
OOTOTEXHUYECKUX CHCTEM, a TAK)KE MCIOIb30BAHbI JUIS
COYICHEHHS 3BEHBEB MEXTy COOOI U Mepenadu IBHKEHHUS.
B nocnennem ciaydae cousIeHEHHs HAa3bIBAIOTCS MIACTHY-
HBIMH WM THOKMMHU, TIepeiada JIBIKEHHUS B KOTOPBIX MPO-
MCXOIUT Onarofapst ynpyroi Jieopmanu riOKUX CTpyK-
Typ, a He ITyTeM TPEHUs CKOIbKEHUS WIN KadeHus [4].

Kpome crox’HOCTH TOMOIOTHYECKOro U MapamMeTpuye-
CKOTO CHHTE30B, K HE/JOCTaTKaM 3JIaCTUYHBIX COUWICHEHUH
MO>KHO OTHECTH OTPaHUUYCHHBIN 30HON YIPYrOCTH Juara-
30H YIVIOB JBHMIKCHUS, BSI3KOE TPEHUE, B ClIydae M3TrOTOB-
JICHUS U3 TIOJIMMEPHBIX MaTepHajoB, a Takke Apeid ocu
Bpamenus [5]. dpeiid ocn — cMemeHne MTHOBEHHOTO
LIEHTPA BPAILCHUS COWICHEHUS, IIPOUCXOIUT U3-32 H3Me-
HEHHsI TEOMETPUN IIEHTPa BPAIIECHUS NPU NPHIOKESHUH
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AHanMTnyeckoe n UMMTaLUMOHHOE MOAENVNPOBaHNE rMOKUX COYNEHEHWIA. ..

BHEIITHEH CHITBL. [1J11 MUHUMU3aIUK HETaTHBHBIX 3 dexToB
THOKHX COWJICHEHUH aKTyallbHbI 33]Ia4d MOJICITUPOBAHUS U
CHHTE3a THOKUX COWICHCHUH.

AHaJIu3 CylIeCTBYIOIIMX pelleHuit
U MOCTAHOBKA 33/1a4H

ITox nmucTOBOM MPYKUHOM IIOHUMAETCS HECYINUH dJle-
MEHT C IONEPEYHBIM CEUEHHEM TPSMOYTONBHOH (HOPMBI
MAaJIOH TOJIIMHBI, paboTaroleii Ha U3rud u KpydeHue [6].
B cirydae nucTOBOW MpYKMHBI HAIPSDKEHUSIMH CIBHTA
MOXHO IIpeHeOpeyb B CHIIy MajbIX 3HadeHuH. JIncToBas
MPY>KWHA OTHOCHUTCS K TPUBHAIEHOMY THOKOMY COYJICHE-
Huto. CIOKHBIMH Ha3bIBAIOTCS COUICHEHUS, COCTOSIIIE 13
HECKOJIBKHX JINCTOBBIX MPYXKUH. J[J1s1 MOIeTMpoBaHUs T0-
BE/ICHUS TPHBHUAIBHBIX THOKUX COWICHEHNH MaJION TOMIIH-
HBI MOXKET OBITh HCIIONIb30BaHa MOAEIh Diniepa—bepHymm
B opme muddepeHnnanbHOro ypaBHeH!s BTOPOTo MOpsiJi-
Ka [7]. MeToa MOXeT ObITh HCIIOIb30BaH MPX OTHOCHTEIb-
HOTO HEOOMNBIINX JAe(OpMaLUIX, HHAYE TEPSIETCS TOYHOCTh
pe3ynbraToB MonenupoBaHus. CiloxKHbIe THOKHE coute-
HEHHsI TaKXKE MOTYT OBITH IIPOMOJEIINPOBAHBI MOJIEIBIO
Diinepa—bepHysi, O1HAKO BEIYHCIATENbHAS CIOKHOCTD
TIOBBINIAETCS] KPATHO KOJIMYECTBY JIMCTOBBIX MTPY>KHH.

Jus ananmza gedopmanuii Tex mpoOu3BOIBHON (POPMEL,
B TOM YHCIIC CIIOKHBIX THOKUX COWICHCHHUH, MOXKET OBITh
HCTIIOTH30BaH METOJ] KOHEYHBIX 3JIEMEHTOB, IPUHITUI KO-
TOPOTO 3aKII0YAeTCs B pa30MEHNN CIOKHON TeOMETPHY Ha
CEeTKY C y37aMH, AeopMauy KOTOPBIX OMPENeISIOTCS U3
cuctembl AU epeHInaNbHBIX U UHTETPAbHBIX YpaBHe-
Huii [8]. [{yis mOoBBILIEHHSI TOYHOCTH MOJIEIIH CeTKa pa3ou-
BaeTcs Ha OOJIbIIIEe KOJIMYECTBO JIEMEHTOB, YTO IIPUBOIANT
K YBEIIMYCHHIO BpeMeHU Ha o0pabotTky. /s cHIkeHus
BpeMeHH 00pabOTKU ¢ COXpaHEHHUEM TOYHOCTHU IpUMe-
HsIeTCS HEpaBHOMEPHOE pa30MeHue Ha CEeTKY, INIOTHOCTh
Y3JI0B KOTOPOH CTAHOBSTCS OONbIIE B JJIEMEHTAX Teja ¢
OONBIION KPUBU3HOM U, COOTBETCTBEHHO, MEHBIIIE BJIOTH
MIPSIMOJIMHEHHBIX Y4acTKOB [9].

B pabote [10] mpenmoxkeH MeTo peayIHUpOBAHUS
KOHEYHO-31eMeHTHOU ceTku Kpeitra—bsmnToHa, ymMeHb-
MAOMUH BpeMs pacdeTa negopMaiuii ¥ COXpaHsIOIIHMA
IIpH 3TOM ToYHOCTh Mozenu. [ns cpenst MATLAB Obin
pa3paboTaH COOTBETCTBYIOMIMN MPOrPaMMHBIN MPOAYKT
koHeuHo-1eMeHTHOTO ananu3a SPACAR [11], paborato-
IIMH 110 TPUHIKITY PEAYIHPOBAHHS CETKU JI0 JBYXY3JI0-
BBIX 3JIEMEHTOB IIPSIMOYTOJILHOTO U KPYIJIOTO MONEPEYHBIX
CEUCHUH.

B [12] mpeacTaBneH 3BpUCTUYECKUIT METOJ aHAIN3a
TOTIOJIOTHI CBOOOTHBIX TMOJBIKHOCTEH U TOJIOHOMHBIX
orpaandennii (Freedom and constraint topology, FACT),
OCHOBAaHHBIM Ha aKCHOMax MPOEKTUBHOW I'€OMETPUH,
WHIYKTUBHOW JIOTUKH, TEOPHH BHHTOBOTO HCUHCICHUS
u anre6psr JIu. CormacHo 6a30BOMY IPHHIHITY METOJA,
IepecedyeHre TOTOHOMHBIX OTPaHUYCHHH B ATACTUYHOM
COWICHEHHH 00pa3yeT OOIIYI0 CTEIeHb CBOOObI, TAKHM
00pa3oM, MO3BOJISISI BHITOJIHUTH OLCHOYHBIH aHaInu3 I0/1-
BIXXHOCTH COYJICHEHUSI TONBKO HAa OCHOBAHUU €0 TOIOJIO-
MU ¥ TEOMETPHYECKHUX XapaKTEPUCTHUK.

B [4] npennoxeH MeTOA 3aMeNICHHUS THOKOTO COMJIe-
HeHU Ha Mofelnb ncenoxectkoro tena (IDKT) ¢ ogHo#
BpallaTelbHON crenenbio noasmwxHoct. Moaens TDKT

MPE/ICTABISIET COOOM PHIYAKHBINA MEXaHU3M, COCTOSIIMN U3
aOCOJIIOTHO TBEP/IBIX 3BEHBEB, COEIMHEHHBIX MEXIy COO0M
HIpYyXUHAMHU CO COCPEJOTOUECHHOM KECTKOCThI0. MeTof
TI03BOJISIET 3HAYUTEIILHO TIOBBICHTH CKOPOCTH pacdera 0e3
CYIIECTBEHHOTO TTOHIKCHHSI TOYHOCTA MOACITUPOBAHUS.
Mogenu ITKT ¢ nByms [13, 14] u Tpems [15] crenensavu
TIOABIDKHOCTH TTO3BOJISIOT ONMCATh OPHEHTAIHIO U MOJI0-
JKeHHe 1e(OpPMHUPYEMOT0 THOKOTO COUWJICHEHHS B IIOCKO-
CTHU. YBEJIMUECHHUE KOJIMUECTBa NpyxuH B moxenu [DKT
MpUOIIKAET €r0 K peaJIbHOM MO/IeNH THOKOTO COWICHEHHUS
[16], omHaKo BEIYHCIUTENBHAS CIOKHOCTH PACTET MPOIIOP-
I[UOHAIBHO KOJIMUYECTBY CTENCHEH MOABMKHOCTH MOJICIH.

J1s uucieHHOl OLleHKU MOBEICHUS U TPOU3BOANUTEIb-
HOCTH, BepH(HKaUK KOHCTPYKTOPCKUX PELISHUH, Ipo-
EKTHpYEMble POOOTOTEXHUYECKHE CUCTEMbI HEOOXOAUMO
AHATM3UPOBATh B CPENAX UMHUTALIMOHHOTO MOJIEIUPOBAHMS.
Jis Bepu(uKanuy JUHAMHYECKOTO ITOBEACHUS pOOOTOTEX-
HUYECKHUX CUCTEM C THOKHMH COWICHECHUAMHU HeoOXoanMa
MOJIETTh, TI03BOJIAIONIAsl OBICTPO PACCUUTHIBATH Mapame-
TPBI CUCTEMEBI 0€3 IoTepr TOYHOCTH. B HacTosmeit pabore
MPEII0KEH MOAX0] aHATTUTHIECKOTO U UMHUTAI[HOHHOTO
MOJIeIUpOBaHus THOKUX cowneHenuil. [logxon ocHOBaH
Ha [IPUHIIMIIE 3aMeIeHHs COWIEHEHNS Ha INIOCKUH CiTydait
MOJIENI NTPOCTPAHCTBEHHOM MPY>KUHBI CO COCPENOTOUEH-
HOM KeCTKOCTBIO [4]. CHHTE3 MOJIENN THOKOTO COWICHEHUS
3aKJII0YAETCS B UUCICHHOM ONTUMU3ALMK HEJIUHEHHBIX
JUarpaMM JKeCTKOCTH BpalllaTeIbHON U MOCTYHaTeNbHbIX
CTeTneHed cBOOOBI /IS MIIOCKOTO CIydasl MOJIEIH Hpo-
CTPaHCTBEHHOW TPY>KUHEI.

CornacHo Metony 3aMerieHus Ha monens [1KT, Tormo-
JIOTHSI KpecTooOpa3HoTro THOKOTO cowieHeHus (puc. 1, a),
cocToAmIast M3 YEeTHIPEX AIEMEHTOB, PACCMOTPEHA KaK THU-
OpuaHas KOMITO3UIMA U3 IPYKHUH U 3BeHbeB (puc. 1, b—d).
B pabote [17] (puc. 1, b) onucana moxens [DKT xpecto-
00pa3HOro IIOCKOTO COYICHEHHsI, COAepIKallas 4eThipe
MPYXHUHBI C BBIBEICHHBIMU aHAJIMTHUYECKU 3HAUCHUSIMHU
KECTKOCTEH K 5 3 4. JlIst onmMcanus IOBE/ICHAs MOZIETH
IDXT tpebyercs pacnionarars nH(popMaLuei o CBsI3H cTe-
HIeHel NOBM)KHOCTH THOKOTO COWIEHEHUS IPYT C IPYTOM.
IIpu yBennuenun xonumdecTBa NpyxkuH B moxenu IIKT
BpeMs Ha pacyueT onepanuil B alreOpanvdecKux BBIpake-
HUSIX, CBA3BIBAIOIINX JKECTKOCTH, yBemmauBaercs. 11o aToit
MPUYHUHE TPEITOYTHTENFHO YIIPOIIATH TOTIOJIOTHEO MOJEITH
IDKT.

MuHIMaIbHOE U JOCTATOYHOE KOJUYECTBO MPYKHUH B
monenu IDKT qyist onucanus OpUeHTAIMH U TIOJIOKEHUS
TMOKOTO COWIEHEHHUS B INIOCKOCTH PaBHO TPEM — ITOJIOKe-
HHUE U OPHEHTAIM KOHEUHOTo 3(dexTopa. DKkBUBAIICHTHAS
cXeMa MOJIETIH MOXKET OBITh MpEACTaBlIeHa U3 TPEX IT0cIie-
JIOBaTEIbHO COEAMHEHHBIX MPYXKUH k&l’(;’ 2)» Kakzaas u3
KOTOPBIX COOTBETCTBYET CTEIIEHU CBOOOJBI B INIOCKOCTH
(puc. 1, ¢) [18]. Tak kak CTEEHU MOJBIKHOCTH B TAKOM
MeXaHW3ME BIUAIOT APYT HA PyTa, OMMHCAHUE JTHHAMHUKU
CHUCTEMBI TpeOyeT penIeHns] COBMECTHOH cucTeMbl audde-
PEHIMATBHBIX YPaBHEHUH BTOPOTO MOPSIKA:

M(q)q + B(q)q + K(q)q =W, (D

rae M(q), B(q) u K(q) — marpuis! nHepimid, nemMmdupo-
BaHUS M KECTKOCTH; =[x y 0]T — BekTop 0000LICHHBIX

xoopaunar; W = [£ /¢ 17°]T — BeKkTOp BHEWIHUX CHIL,
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Puc. 1. Meron 3aMeleHHs] KPecTOOOPa3HOTro rHOKOTr0 COUICHEHUs Ha MOJIEIb TICEBI0KECTKOTO TeNa: rnoKkoe couieHeHue (a);
MOJIeJIb C BpaliaTenbHbIMHU (b) M SKBUBAJICHTHBIMH (€) IPY)KUHAMH; MOJIEJb C INIOCKUM CIIy4aeM IPOCTPaHCTBEHHOM MPYKUHBI (d)

Fig. 1. Pseudo-rigid body models of cartwheel hinge: flexible joint (@), pseudo-rigid model with rotational springs (b), pseudo-rigid
model with equivalent springs (c), and planar spring pseudo-rigid model (d)

MIPUIIOKEHHBIN K KoopauHatHoi ocu ¥,,. IIpu W = 0 cn-
CTeMa HaXOIUTCS B TOKOE.

Mogens IDKT MoxeT OBITH peayIipoBaHa A0 OXHOM
IJIOCKOH TPYKUHBI, 3aMemaoniell THOKoe couJIeHeHNe
(puc. 1, d). DKBHUBaJICHTHBIE KECTKOCTH kyy(x y 0) ans
Ka)XJOM CTEereHu CBOOOIbI CBsA3aHbI ApyT ¢ Apyrom. [lpu
OTCYTCTBUU CBA3U JKECTKOCTEH IMMPUITOKECHUC CUJIBI ITPU-
BeZIeT K Jie(hOpMaLUU TOJBKO TeX MPYKHUH, KOTOPHIE CO-
HalpaBJIeHbl ¢ BEKTOpoM cuiibl. [loBenenne rubkoro cou-
JIEHEHHUs MPEJIoaraeT OJJHOBPEMEHHOE JBHIKEHUE 110
HECKOJIBKAM OCSIM OTHOCUTENbHO HHEPIUAIIBHON CUCTEMBI
koopauHat ‘P, 4TO BEITONHUMO IPH HAJIUYUH CBI3HOCTH
JKECTKOCTEN APYT C APYTOM.

Mopneb N10CKOM NPYKMHBI

Mopens npoCcTpaHCTBEHHOM MPYXKUHBI C IECTHIO CTe-
TIEHsIMU TIOJIBMKHOCTH IpeJcTaBieHa B padore [19], a
MJIOCKUH ClTydail MOJENH IPOCTPAHCTBEHHOW MPYKUHBI
paccmotpeH B [20].

[Tnockast mpyXuHA COCTOUT M3 ABYX HMPOJOJBHBIX
JKECTKOCTEH M OHOU BpamarensHo# (puc. 2, a). Cuisl
1 MOMEHTBHI, TEeHEPHPYEMBIE B MIOCKOH MPY>KHUHE TPH €€
JaedopManiy, ONpeaeIeHbl U3 TEOMETPHUUECKOTO LIEHTpa
MOAATIAUBOCTH, OTHOCUTEIILHO KOTOPOTO OHA MOXKET OBITh
JIEKOMITO3UPOBAHA HA SKBUBAJICHTHBIC KECTKOCTH IS Ka-
Ko koopauHatHoi ocu [20]. CMelieHne CUCTEMBI KO-

aunba

opmunar W; orHocuTenbHO W; XapakTepusyer apelid) ocu
BpameHus (puc. 2, b).

JI1s1 IByMEPHOTO CITydasi BEKTOP MACTHIHBIX CHJT TIO-
cKoii pysunnbt Welast = [f1 f1 /1T onpenienmm 13 crcte-
MBI ypaBHEHHi1:

il= —2as(G0Rji) —as(GwwT)
) 1 1 o
ﬁcl,y = ER/Z Ktp{ - EKtle p[]

b}

i i
rae fi,, — NPOJOIbHbIC CHIIbI PACTSKCHNUS; T, — KpYTs-
U MOMEHT BOKpPYT ocH Oz B KOCOCHMMETPHYHO# (hopMe;
as — OIeparop, BO3BpaLlAIOMINI aHTUCUMMETPUUHYIO

i i
dacte Marpuusl; R; = R; T — Marpuua noBopoTa, P{ -

A1 1
Paccuntaem MaTpHIBl )KECTKOCTH OPHEHTAIIUU U JIH-
HEWHOrO MepeMeleHus:

(1 -1\
L
nonoxenue ‘¥; ornocurensHo Wy, w = RA( pl.

1 1
Gy = 5 L(x y O, G,= Et”(Kt)Iz -K,

(kxy0) 0 )
K’*( 0 kxy 0/

rae tr(K,) — cymma snemenTos marpunsl K, mo rmaBHO#M
IuaroHany; I — equHnYHAsS MaTpHIa.

7

Wc/mz

5\;1 /-\/ CZ___ f__..

Puc. 2. Mopenb TII0CKOW TIPYKUHBL: B COCTOSIHUH TIOKOS (@); Apeli¢ ocu BpameHus npu aedopmannu (b)

Fig. 2. Planar spring model: planar spring at rest (a); drift of the rotation axis during deformation (b)
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B PE3YIBTATC BCKTOP 2JIACTUYHBIX CUJT TPUMET BU!
Welast =

kxcosO + %kxysine + %kyysine
kyycosh — %kxxsinﬂ - %kyxsine -(2)
(xcosO + ysinB)(ycosb — xsinb)(k, — k) + k.sinb

Ot1MmeTuM, YTO KpyTUIIbHAS KECTKOCTD k, 3aBUCHUT OT
TIPOJOJIBHBIX XKECTKOCTEH ky, k).

U3 cucremsl ypaBHeHnu# (1) BeIBeneM nuarpammy
KECTKOCTH IIOcKol npyxunsl. CorntacHo 3akony ['yka,
Welast = KU, rne K — nuaroHaibHas MaTpHia )XeCTKOCTH;
U=[u v 6]T — Bekrop nedopmauuii. [{is onpenencHus
mapaMeTpoB IIockoi mpykuHb!I paccuntaeM K(U).

[epernumrem ypaBaenue (1) B BuIE BEKTOPOB CHIIL:

Winert - \Wdamp  WWelast = W,

rine Winert = M(q){ — uHepuuanbHbie cuibr; Waamp =
= B(q)q — cuJIBbl CONPOTHUBICHUS IIPU JIeMII(pUPOBaHUY.
OcraBum Welast, xoTOpoe MOKET ObITh PACCUUTAHO YPaB-
HeHreM (2), B JIEBOH YacTH ypaBHEHHsI, OCTaJIbHBIE TIepe-
HECEM B IIPABYIO

Welast =\ _ \Yinert _ Wdamp’ (3)

T7Ie BCIO MPaBYIO YacTh ypaBHEHHUS Iepe3aluiieM depes
Q=[0, 0, O.I"
Q =W — Winert _ \\damp

IToncTaBuB 3HaYeHHs BEKTOpa ACTHUHBIX cuil (2) B
ypaBHeH#ue (3), IIOJy4UM CHUCTEMY ypaBHEHHH B KOMIIAKT-
HOM BUJE:

kedy + kydy = Oy
ks +kd, =0, )
kAs+kdg+kA;=0,

peanbHas
T~ Ve TpaexTopus

) kejlaeMast
l / TPaeKTOpUs

.": X y

S b, s 4 'i'
| @ I0 =~

k. A
L

1 . | 1 .

rne A; = xcosf + Eysm@; A, = Eysm@; A = —ExsmG;
1 . 1 . .

Ay =ycosO — Exsme; As= —E(xcose + ysinf)(ycosO — xsind);

B pesynbrate onpenenuM »KecTKOCTH MIIOCKON MPY>KU-
HBI 110 CJICAYIOIIUM COOTHOIICHUSIM:

QyAZ - QxA4
kx(xaya 9) _A2A3*A|A4’
QxA3 - QyAl
k b b e = —3
2 O,
Qz - kxAS - kyA6
kz(xs Y e) = A—
7

[Ipu ydere napefida ocu BparieHus! pe3yabTUPYIOIIas
JaroHaIbHAsi MaTPHIA KECTKOCTH UMEET B

k(u, v, ) 0 0
K(U) = 0 k(u v, 0 0
0 0 k(u v 0)

Jlist cpaBHEHUs paCCMOTPUM JBE OIITUMH3UPYEMBIE MO-
JIeTIN: BpallarebHas PpyXHUHA ¢ OHOW CTETICHBIO TTOJBIK-
HOCTH ¥ TUIOCKHH CIIy9ail MpOCTPaHCTBEHHOW MPY>KUHBI.
3amada ONTHMH3ALIH MOJIEIH C OTHOM CTETIEHBIO TIOBIK-
HOCTH 3aKJIFOYAeTCsl B MUHUMU3ALUH HeneBor QyHKuum F,
PaBHOH KBajpaTy OUIHOKH MEXIy JKeIaeMOol U pearbHON
TpaekTopusmMu (puc. 3, a):

Fi(0) = min Y[W02, + (L - —x,)? — ML]2,
i€[1,N] i

rae A > 0 — cBoOOgHBIH mapameTp; L — IIHHA COWICHE-
HUS; AL — XapakTepucTHaecKui paguyc [4]; [X,, Vool T —
MOJIOXKEHNE CHCTEMBI KOOPJIMHAT BBIXOAHOTO 3BeHa WV,
OTHOCHTENBHO V).

JI71st IMHUTAIMOHHOTO MOJIETUPOBAHMSI THOKUX COYJIe-
HEHHI ¢ 0OJBIIUM ApeiihoM ocu BpaleHus pa3padoTaHa
MOJIeNb C IUIOCKOW MpykuHOM (puc. 3, b). B umuranu-

Yo

- —

Puc. 3. OnTumMu3saiys Mojeneit 3aMerieHust. PacdeTHbie cXeMbl MOJICITH MICEBI0KECTKOTO Tela ¢ KPYTHUIILHOM (@) 1 Tu1ockoii (b)
Npy>KUHAMM

Fig. 3. Pseudo-rigid body models parametric optimization. Calculation scheme of the torsion spring pseudo-rigid model (a), planar
spring model (b)
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OHHOHN MOJIENH OIPEJENIECHO B3aUMHOE MOJIOKEHHUE JIBYX
ten jymHamu al u bL, tae a, b € [0, 1] cBoOoaHbIC Mapa-
MeTpsl. [l moucKa Ha4albHOIO IEHTPa NOJATIUBOCTU
peluM 3a1a4y MUHUMH3AIUH PACCTOSHHS MEXK Ty TOUKaMU
AnB.

B pesynbrare mosoxeHne KOHEYHOTO 3BEHA OTHOCH-
TeNbHO MHEPIHUAIBHON cucTeMsl koopauHat W, onpene-
JIEHO U3 CUCTEMbI YPABHEHUI:

Xee = aL +xg, + bLCOSq,,
Yee = Vsp + bLSin(qee)

TI€ Gee = 4y 1 Py, =[x, Vg, q,] T — nonoxkenue u opu-
SHTaIMs [ICHTPA MOJATIMBOCTH.

Henesas ¢pynxmus F,(a, b) B 3amaue moucka meHTpa
MTOJJATIIMBOCTH TUTOCKOH MPYKUHBI IPUMET BU:

Fy(a, b) = Axgy(a, b)? + Ay, (a, b)> — min,

AP,

p— max(Py,) — min(Pg),

rie APy, — pesynsrupyromas jedopmaliisi, paBHas pasHi-
e MEXXITYy MAKCUMAIBHBIM U MUHUMAJIbHBIM 3HAYCHHSIMH
nedopMaIum.

3KCﬂepl/lMeHTaﬂbH0€ HCCJICI0OBAHUE
pa3/IMYHbIX BUA0B COYJIeHeHuit

s anpoGanny MeTosia CHHTE3UPyeM HECKOJIBKO THo-
KHX COWIEHEHHH: KpecTooOpasHoe cowreHenue (X-hinge
[17]), nucroBas mpyxwuHa (leaf spring, LS [21]), mu-
CTOBasl MPYXKUHA, YCUJICHHAs JBYMs peOpaMu jKeCTKO-
ctu (torsionally reinforced leaf spring, TRLS(2x) [21]),
MEPEKPECTHOE COUJICHEHHE U3 TPEX JUCTOBBIX MPYKUH
(three-flexure cross hinge, TFCH [21]). [lanHble cousieHe-
HUSI U3TOTOBJICHBI METOAOM aIIUTUBHBIX TEXHOJOTHH U3
[JTMKOJIb-MOTU(HUIIMPOBAHHOTO TONMATHIIEHTepedTatara
(PETG) Ha 3D-npuHTepe U HaTypHO NMPOTECTUPOBAHBI.
BeimonHeHo cpaBHEHUE pe3yNIbTaTOB HATYPHBIX UCTIBITAHUI
C pe3yJbTaTaMi HMHUTAIIMOHHOTO MOJICIIMPOBAHMS C TIOMO-
LI IpeIoKeHHoro Mmerona. Ha puc. 4, a nzobpaxena

WF

pacdeTHas cxema Ha IIpHIMepe KpecTooOpa3zHoro ruOKoro
couwiteHenus [17]. B akcriepuMeHTe UCIIONBb30BAHBI CIeTy-
IOIlME UCXONIHbIE NaHHble: Moayib FOura E = 2,95 I'Tla;
ko3¢ unment Ilyaccona v = 0,38; nnmuHa cOWICHCHHS
L =40 mm; Beicota H = 40 mm; mmpuna W = 40 mm; TOII-
mHa cteHku ¢ = 0,8 MM; quiuHa 1ieda [ = 120 MM.

I'mbkoe counenenne / (puc. 4, b) coeqmHEeHO C IIIe-
9oM 2, K KOTOpOMY NPHJIOKEHA CHIIa, 3aMepsiemMasi JuHa-
MOMETpOM 3, MepeMenIaroIeMycsl [0 HalpaBiIsIomen 4.
Kamepa no ornopaoMy Mapkepy 5 onpesenser nojaokeHue u
OpPHEHTALUIO IyIeya 2, MacTabupys pacCTOSHHE OTHOCH-
TENILHO COOCTBEHHOW (prkcupoBaHHOU JuTMHEL [IpuMeHeHa
00paboTKa N300paKECHHUS Yepe3 OMHAPU3AIIIO — MTEPEBOT
M300paKeHHs B IByXIIBETHOE YepHO-Oemnoe. s ymporie-
HUS pa3/ieIeHus IBETOBBIX IPAHUI] IUIEY0 2 U ONOPHBIH
MapKep 5 OKpalleHbl B YEPHBIA IIBET U PacIIOIOKEHBI Ha
KOHTpacTHOM OerroM (oHe.

Tak xak B paboTe UCCIETOBAHBI THOKHE COUJICHCHHUS
C BpallaTeNbHOMN CTENCHBIO MOJBMKHOCTH, TIIaBHBIN HH-
Tepec MPEeICTABIMIOT JaHHBIE O KPYTHIBHOHN KECTKOCTH.
[TomyueHHbIe MaHHBIE YKCIIEPUMEHTAIBHBIX 3aMEpPOB 1
KOMIIBIOTEPHBIX MOZENeH NpuBeneHsl Ha puc. 5. I1o ocu
abcmucc oToOpaXkeHb! yIiibl 1e(hOpMalnH ¢, IO OCH Op/IU-
HaT — MPWIAracMbli K COWICHEHUIO KPy AUl MOMEHT 7.
Mapkepamu 0003Hau€HBI PEe3yJNbTaThl SKCIEPUMEHTA;
CIUTOLIHBIE JINHUHA — MOJIEJINPOBaHUE MOAM(DUIIMPOBAH-
HBIM KOHEYHO-3JIEMEHTHBIM METOIOM C PEIYKLHUEH CEeTKH
B nporpammuoi cpene SPACAR; mTpuxoBsie THHUA —
MMUTAIMOHHAS MOJICHb.

B Tabn. 1 mpuBeneHbl pe3ynbTaThl ONTUMH3AIUAH
nByx monener IDKT. OnTumu3anis BEIIIOTHEHA B cpelie
MATLAB ¢ momomipto porpammuoro makera Optimization
Toolbox. JIns onTUMU3aUK pacdeTHONH MOAEIH C OJHOM
CTETICHBIO MTOJBIKHOCTH MCIIOJIB30BaH OJJHOMEPHBIN METO
30JI0TOTO ceueHus fininbdn, 11l MOJENH TUIOCKOH MPYXKH-
HBl — TPaJHEeHTHBIH METOJ finincon.

B Tabn. 2 npuBeneHbl JaHHBIE O BpEMEHU 00pa0OTKH
rubkoro counenenus B cpene SPACAR u pazpaboranHO#M
monenu ITXKT B cpene MATLAB Simscape. Bpems na
00paboTKy HOBOW MOJIENIH 0Ka3aJ0Ch MPUOIU3UTEIHHO B

Puc. 4. Cren 1u1sl HATYpHBIX MCTIBITAaHUI TMOKHMX COWICHEHHH: rabapuThl SKCIIepHMeHTalIbHO MoaenH [17] (a);
JKCTIepUMEHTANBHBIN CTeH: | — rudkoe couleHeHue; 2 — puryar; 3 — IUHAMOMETP; 4 — HalpaBIsIOLIas;
5 — onopHsIi Mapkep (b)

Fig. 4. Force-displacement stand: dimensions of the experimental model (@), experimental stand: / — flexible joint, 2 — lever,
3 — dynamometer, 4 — guide, 5 — fiducial marker ()
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Puc. 5. lnarpaMMbl MOMEHT-YTOJI YIIPYTOrO CONPOTUBIICHUS] THOKUX COWICHEHHUIH

Fig. 5. Torque-angle diagram

Tabnuya 1. Pesynerarel ontumuzanun moaeneir [DKT

Table 1. Results of pseudo-rigid body models parametric optimization

H n . [MapameTpl n10CKok MaxcumansHoe MaxkcumansHoe
AHMEHOBAHKE apamerp KpyTHIbHO’ IPYKHHEL yanuHeHue 1o ocu Ox yanuHeHue 1o ocu Oy
COYJICHEHHUs HPY>KUHBI A

a b Ax, Mmm Ay, MM
X-hinge 0,44 0,44 0,56 0,09 2,08
LS 0,78 0,64 0,36 0,14 5,68
TRLS(2x) 0,77 0,64 0,36 0,15 5,65
TFCH 1,47 0,82 0,18 0,04 10,61

Tabnuya 2. Cpennee BpeMs: MOICIUPOBAHUS, C

Table 2. Processing time comparison, s

Cpena MoziemMpoBaHus
HaumeHoBaHue coueHeH s
SPACAR Mogens IDKT ¢ mnockoii npysxuHoit
X-hinge 0,96 0,49
LS 1,25 0,85
TRLS(2x) 1,59 0,75
TFCH 1,23 0,78

JIBa pa3a MeHbIIe. MozenmpoBaHie POU3BEAEHO Ha Iep-
COHAJIbHOM HOYTOYKe CpefHEeH KOMITIIEKTaIHH.

Oocyxnenue

[IpuBenennoe B Tabn. 1 cpaBHEHUE MapaMeTpoOB OI-
tumuzanuu mogeneid IDKT ¢ ogHolt u Tpems cTeneHsMu
CBOOO/IBI MTOKA3AJI0 HANOOJIBIIIEE PACXOXKICHUE Y THOKOTO
cowrieHeHus ¢ HanMmenbei xectkocteio (TFCH). OTo
BBI3BAHO HHU3KOHM TOYHOCTBIO MOJEIH C KPYTHJIEHOU TIPY-
KIUHOM, HTHOpHUpYIoIel GakTop apeiida ocu BpamieHuUsI.

OTMeTHM, 9TO MPHU ONTHMH3ANUHA MOJAEIH TIIOCKOH
MPYXXUHBI TApaMeTPsl @ U b He GBI B3aWMHO OTPaHU-
YeHBI, OTHAKO BO BCEX CIydyasX ONTHMHU3ALNU UX CyMMa
coctapisieT 1. DTo 00yCIOBICHO HAWICHHBIM ONMTHMAIb-
HBIM TIOJIOKEHHEM LIEHTPA MOAATINBOCTH, OTHOCUTEIHHO
KOTOpOTO IIOCKas MpyXKUHA AEKOMIIO3UPYETCS Ha TPU
COCTaBJISAIOIIHUX KeCTKOCTH. [Ipu cpaBHEHUU TOYHOCTH
BOCIIPOM3BEJCHUS TPAEKTOPUH T'MOKOTO COWICHEHHS B
MMUTALIMOHHON MOJEIN MOJENb C OAHOHM CTENEHBIO MOJ-

BIDKHOCTH MMeeT 0ojiee HU3KYI0 TOYHOCTh, YeM MOJEIb
MJI0CKOM NMPYKUHBIL.

Hecmotps Ha npUMEHNMMOCTE MOJIENH TTIOCKOH MPYKHU-
HBI B JAHHOH 3a/1a4e, CKOPOCTh 00pabOTKH MMHTAITIOHHOMN
mozaenu IIDKT ¢ ogHO¥ CTENeHbI0 MOABHKHOCTH HHXKE,
4TO MOXET OBITH KPUTUYHBIM IIPpU MHOTOKPaTHOM BOC-
IIPOU3BEAECHUU MOJEIH, HAIlpUMeEp, IPU CTPYKTYpHO-IIa-
paMeTpUYeCcKOM CHHTEe3e IMOKOro cowieHeHus. B takom
cirydae TpeOyeTrcs BBEICHHE KPUTEPUs NIPUMEHUMOCTH
MOJIENH MJI0CKON MPYXKHUHBL. DTOT KPUTEPUI 3aKIIF04aeTCs
B aHAJIN3€ TPACKTOPUH ABIKEHUs] KOHEYHOTO 3¢ deKropa
THOKOTO COYJICHEHMSI, BHIBEJICHHBIN U3 pe3yIbTaToB 00pa-
0GOTKH KOHEYHO-3JIEMEHTHON MOJEIIH.

3akJioueHnne

B pabote npeioxkeH MeTO]] CHHTE3a THOKOTO coute-
HEHHUSI C MMOMOIIBIO IIOCKOTO CITydasl MPOCTPAHCTBCHHOM
npykuHbl. [To cpaBHEHHIO ¢ MOAU(DUITUPOBAHHBIM KOHEY-
HO-3JIeMeHTHEIM MeTozoM B cpene SPACAR, paspabo-
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TaHHAas JUIS CHHTE3a MOJIENIb MOXKET ObITh MHTETPUPOBaHa
B UMHTALMOHHBIE MOJIEIH POOOTOTEXHUYECKUX CHCTEM,
CHAO>KEHHBIX )KECTKUMH 3BEHbSIMH, IIPUBOJIAMH M CHCTe-
MO yTpaBII€HHUS.

B ananutuuyeckoil MOAENU MIIOCKON MPY>KUHBI OKCa-
Ha TIpoLeAypa MapaMeTpHIecKod ONTHMH3AINH, [ETbIO
KOTOPOTO SIBJISIETCSI MOMCK LEHTPA MOAATINBOCTH U TIO-
ClenyIomuil B mporecce AedpopMannun Apeid ocu Bpa-
meHus. [lomyueHHast ONTUMHU3AMOHHAST MOJENIb MOXKET
OBITh UCIIONIB30BaHA JJIS aHAJN3a ITOJBWKHOCTH MOJAETH
NICEBJ0KECTKOT0 Tejla — MpPH MaJoM Jpeiide no ocam
Ox, Oy ¢ UCIOIb30BaHUEM BpPaIIATEIbHON NPYKUHEL, a MO
OJTHOM U3 Ocel — NpY>KUHBI pacTsKEHUA-CoKaTus. Takast
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CuHTe3npoBaHHas MOJIEINb arpoOUpoBaHa B MIMUTALIU-
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Pe3ymprars! nccaeqoBaHUS IOKA3AIH, 9YTO pa3paboTaHHBIN
METOJ] MOXKET OBITh MCIIOIb30BaH JJIsI MOAEIUPOBAHUS
THOKMX COWICHCHHH B MMHTAIIMOHHBIX cpeaax 0e3 mpo-
BCICHNA BBIYUCINTEIILHO 3aTPAaTHBIX onepauI/Iﬁ CO CKOpO-
CTBIO 0OCueTa MPUOIU3UTENBHO B JBa pa3a ObICTpee, ueM
KOHEYHO-3JIEMEHTHAs MOJEJIb.

References

1. Peshkin M.A., Colgate J.E., Wannasuphoprasit W., Moore C.A.,
Gillespie R.B., Akella P. Cobot architecture. [EEE Transactions on
Robotics and Automation, 2001, vol. 17, no. 4, pp. 377-390. https://
doi.org/10.1109/70.954751

2. Rezazadeh S., Abate A., Hatton R.L., Hurst J.W. Robot leg design: A
constructive framework. IEEE Access, 2018, vol. 6, pp. 54369—54387.
https://doi.org/10.1109/access.2018.2870291

3. Hurst J.W,, Rizzi A.A. Series compliance for an efficient running gait.
IEEE Robotics & Automation Magazine, 2008, vol. 15, no. 3, pp. 42—
51. https://doi.org/10.1109/mra.2008.927693

4. Howell L.L. Compliant Mechanisms. New York, USA, Wiley, 2001,
459 p.

5. Naves M. Design and optimization of large stroke flexure mechanisms.
PhD Thesis. 2021. https://doi.org/10.3990/1.9789036549943

6. Benscoter S.U. A theory of torsion bending for multi-cell beams.
Journal of Applied Mechanics, 1954, vol. 21, no. 1, pp. 25-34. https://
doi.org/10.1115/1.4010814

7. Eltaher M.A., Alshorbagy A.E., Mahmoud F.F. Vibration analysis of
Euler—Bernoulli nanobeams by using finite element method. Applied
Mathematical Modelling, 2013, vol. 37, no. 7, pp. 4787-4797. https://
doi.org/10.1016/j.apm.2012.10.016

8. Ellenbroek M., Schilder J. On the use of absolute interface coordinates
in the floating frame of reference formulation for flexible multibody
dynamics. Multibody System Dynamics, 2018, vol. 43, no. 3, pp. 193—
208. https://doi.org/10.1007/s11044-017-9606-3

9. White D.R., Saigal S., Owen S.J. Meshing complexity: Predicting
meshing difficulty for single part CAD models. Engineering with
Computers, 2005, vol. 21, no. 1, pp. 76-90. https://doi.org/10.1007/
$00366-005-0002-x

10. Craig R.R., Jr. Coupling of substructures for dynamic analyses: An
overview. Proc. of the 415! Structures, Structural Dynamics, and
Materials Conference and Exhibit, 2000, pp. 1573. https://doi.
org/10.2514/6.2000-1573

11. Wiersma D.H., Boer S.E., Aarts R.G.K.M., Brouwer D.M. Design and
performance optimization of large stroke spatial flexures. Journal of
Computational and Nonlinear Dynamics, 2014, vol. 9, no. 1,
pp. 011016. https://doi.org/10.1115/1.4025669

12. Hopkins J.B., Culpepper M.L. Synthesis of multi-degree of freedom,
parallel flexure system concepts via freedom and constraint topology
(FACT) — Part I Principles. Precision Engineering, 2010, vol. 34,
no. 2, pp. 259-270. https://doi.org/10.1016/j.
precisioneng.2009.06.008

13. Yu Y-Q., Zhou P., Xu Q-P. Kinematic and dynamic analysis of
compliant mechanisms considering both lateral and axial
deformations of flexural beams. Proceedings of the Institution of
Mechanical Engineers, Part C: Journal of Mechanical Engineering
Science, 2019, vol. 233, no. 3, pp. 1007-1020. https://doi.
org/10.1177/0954406218760956

14. Yu Y-Q., Li Q., Xu Q-P. Pseudo-rigid-body dynamic modeling and
analysis of compliant mechanisms. Institution of Mechanical
Engineers, Part C: Journal of Mechanical Engineering Science, 2018,
vol. 232, no. 9, pp. 1665-1678. https://doi.
org/10.1177/0954406217707547

15. Venkiteswaran V.K., Su H.J. A three-spring pseudorigid-body model
for soft joints with significant elongation effects. Journal of

Hay4HOo-TexHN4ecKkunin BECTHUK MHDOPMALIMOHHbLIX TEXHONOM NI, MeXaHUku n ontukun, 2023, Tom 23, N2 5

Scientific and Technical Journal of Information Technologies, Mechanics and Optics, 2023, vol. 23, no 5

1063


https://doi.org/10.1109/70.954751
https://doi.org/10.1109/70.954751
https://doi.org/10.1109/access.2018.2870291
https://doi.org/10.1109/mra.2008.927693
https://doi.org/10.3990/1.9789036549943
https://doi.org/10.1115/1.4010814
https://doi.org/10.1115/1.4010814
https://doi.org/10.1016/j.apm.2012.10.016
https://doi.org/10.1016/j.apm.2012.10.016
https://doi.org/10.1007/s11044-017-9606-3
https://doi.org/10.1007/s00366-005-0002-x
https://doi.org/10.1007/s00366-005-0002-x
https://doi.org/10.2514/6.2000-1573
https://doi.org/10.2514/6.2000-1573
https://doi.org/10.1115/1.4025669
https://doi.org/10.1016/j.precisioneng.2009.06.008
https://doi.org/10.1177/0954406218760956
https://doi.org/10.1177/0954406218760956
https://doi.org/10.1177/0954406217707547
https://doi.org/10.1115/1.4032862
https://doi.org/10.1115/1.4032862
https://doi.org/10.1109/70.954751
https://doi.org/10.1109/70.954751
https://doi.org/10.1109/access.2018.2870291
https://doi.org/10.1109/mra.2008.927693
https://doi.org/10.3990/1.9789036549943
https://doi.org/10.1115/1.4010814
https://doi.org/10.1115/1.4010814
https://doi.org/10.1016/j.apm.2012.10.016
https://doi.org/10.1016/j.apm.2012.10.016
https://doi.org/10.1007/s11044-017-9606-3
https://doi.org/10.1007/s00366-005-0002-x
https://doi.org/10.1007/s00366-005-0002-x
https://doi.org/10.2514/6.2000-1573
https://doi.org/10.2514/6.2000-1573
https://doi.org/10.1115/1.4025669
https://doi.org/10.1016/j.precisioneng.2009.06.008
https://doi.org/10.1016/j.precisioneng.2009.06.008
https://doi.org/10.1177/0954406218760956
https://doi.org/10.1177/0954406218760956
https://doi.org/10.1177/0954406217707547
https://doi.org/10.1177/0954406217707547

AHanMTnyeckoe n UMMTaLUMOHHOE MOAENVNPOBaHNE rMOKUX COYNEHEHWIA. ..

16. Hall A.R. The Pseudo-Rigid-Body Model for Fast, Accurate, Non-
Linear Elasticity: a thesis submitted to the faculty of Brigham Young
University in partial fulfillment of the requirements for the degree of
Master of Science. 2013.

17. Pei X., YuJ.,, Zong G., Bi S., Su H. The modeling of cartwheel
flexural hinges // Mechanism and Machine Theory. 2009. N 44. N 10.
P. 1900-1909. https://doi.org/10.1016/j.mechmachtheory.2009.04.006

18. Salini¢ S., Nikoli¢ A. A new pseudo-rigid-body model approach for
modeling the quasi-static response of planar flexure-hinge
mechanisms // Mechanism and Machine Theory. 2018. V. 124. P. 150—
161. https://doi.org/10.1016/j.mechmachtheory.2018.02.011

19. Stramigioli S. Modeling and IPC Control of Interactive Mechanical
Systems: A Coordinate-Free Approach. Springer, 2001. XIII, 280 p.
(Lecture Notes in Control and Information Sciences; vol. 266). https://
doi.org/10.1007/BFb0110400

20. Folkertsma G.A. Energy-based and biomimetic robotics: PhD Thesis.
2017.

21. Naves M., Brouwer D.M., Aarts R.G.K.M. Building block-based
spatial topology synthesis method for large-stroke flexure hinges //
Journal of Mechanisms and Robotics. 2017. V. 9. N 4. P. 041006.
https://doi.org/10.1115/1.4036223

ABTOpBI

Pakmun Erop AnexkcanapoBuy — umxenep, Yausepcurer U'TMO,
Cankr-IletepOypr, 197101, Poccuiickas ®enepanus, https://orcid.
org/0000-0003-1983-6142, earakshin@itmo.ru

Bopucos Ban UropeBHM4Y — KaHIUJAT TEXHUYECKUX HAYK, J0-
nent, YuuBepcurer UTMO, Canxr-IlerepOypr, 197101, Poccuiickas
Denepans, https://orcid.org/0000-0003-0168-6609, borisovii@itmo.ru

Cmamws nocmynuna 6 pedakyuio 01.07.2023
Ooobpena nocne peyenzuposanus 28.08.2023
Ipunama x newamu 25.09.2023

QN0

Mechanisms and Robotics, 2016, vol. 8, no. 6, pp. 061001. https://
doi.org/10.1115/1.4032862

16. Hall A.R. The Pseudo-Rigid-Body Model for Fast, Accurate, Non-
Linear Elasticity. A thesis submitted to the faculty of Brigham Young
University in partial fulfillment of the requirements for the degree of
Master of Science. 2013.

17. Pei X., Yu J., Zong G., Bi S., Su H. The modeling of cartwheel
flexural hinges. Mechanism and Machine Theory, 2009, no. 44,
no. 10, pp. 1900-1909. https://doi.org/10.1016/j.
mechmachtheory.2009.04.006

18. Salini¢ S., Nikoli¢ A. A new pseudo-rigid-body model approach for
modeling the quasi-static response of planar flexure-hinge
mechanisms. Mechanism and Machine Theory, 2018, vol. 124,
pp. 150-161. https://doi.org/10.1016/j.mechmachtheory.2018.02.011

19. Stramigioli S. Modeling and IPC Control of Interactive Mechanical
Systems: A Coordinate-Free Approach. Springer, 2001, XIII, 280 p.
Lecture Notes in Control and Information Sciences; vol. 266. https://
doi.org/10.1007/BFb0110400

20. Folkertsma G.A. Energy-based and biomimetic robotics. PhD Thesis.
2017.

21. Naves M., Brouwer D.M., Aarts R.G.K.M. Building block-based
spatial topology synthesis method for large-stroke flexure hinges.
Journal of Mechanisms and Robotics, 2017, vol. 9, no. 4, pp. 041006.
https://doi.org/10.1115/1.4036223

Authors

Egor A. Rakshin — Engineer, ITMO University, Saint Petersburg,
197101, Russian Federation, https://orcid.org/0000-0003-1983-6142,
earakshin@itmo.ru

Ivan. I. Borisov — PhD, Associate Professor, ITMO University, Saint
Petersburg, 197101, Russian Federation, https://orcid.org/0000-0003-
0168-6609, borisovii@itmo.ru

Received 01.07.2023
Approved after reviewing 28.08.2023
Accepted 25.09.2023

Pa6oTta nocTynHa no nuueH3um
Creative Commons
«Attribution-NonCommercial»

1064

Hay4yHOo-TexHn4eckuii BECTHUK MHDOPMALMOHHBLIX TEXHONOMMIA, MexaHuKn 1 ontukn, 2023, Tom 23, N2 5
Scientific and Technical Journal of Information Technologies, Mechanics and Optics, 2023, vol. 23, no 5


https://doi.org/10.1016/j.mechmachtheory.2009.04.006
https://doi.org/10.1016/j.mechmachtheory.2018.02.011
https://doi.org/10.1007/BFb0110400
https://doi.org/10.1007/BFb0110400
https://doi.org/10.1115/1.4036223
https://orcid.org/0000-0003-1983-6142
https://orcid.org/0000-0003-1983-6142
mailto:earakshin@itmo.ru
https://orcid.org/0000-0003-0168-6609
mailto:borisovii@itmo.ru
https://doi.org/10.1115/1.4032862
https://doi.org/10.1115/1.4032862
https://doi.org/10.1016/j.mechmachtheory.2009.04.006
https://doi.org/10.1016/j.mechmachtheory.2009.04.006
https://doi.org/10.1016/j.mechmachtheory.2018.02.011
https://doi.org/10.1007/BFb0110400
https://doi.org/10.1007/BFb0110400
https://doi.org/10.1115/1.4036223
https://orcid.org/0000-0003-1983-6142
mailto:earakshin@itmo.ru
https://orcid.org/0000-0003-0168-6609
https://orcid.org/0000-0003-0168-6609
mailto:borisovii@itmo.ru

