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Abstract

The production of optical components with a large radius of spherical surfaces requires exceptionally high surface profile
accuracy. Minor deviations in the positioning of the cutting tool caused by factors, such as mechanical backlash, thermal
deformation, and incorrect tool positioning, can result in dimensional errors of the machined surface, particularly in the
form of protrusions that indicate processing defects. Despite a wide range of studies focused on tool wear and general
machining errors, insufficient attention has been given to the geometric modeling and correction of defects caused by tool
positioning errors. This study presents a comprehensive approach to geometrically modeling the impact of cutting tool
positioning errors on the machined surface profile. A mathematical model has been developed to model the interaction
between the tool and the spherical surface, enabling precise estimation of the radial machining error. Based on these data,
a new error compensation method is proposed, allowing for the correction of errors by modifying the tool movement
trajectory. The proposed model accurately predicts the formation and characteristics of protrusions resulting from tool
displacement during the machining of spherical surfaces with a large radius. Implementation of the compensation method
significantly reduces the defect rate, improves geometric accuracy, and decreases the need for additional processing.
Addressing defects caused by positioning errors enables the proposal of a new method that has not previously been
considered in precision machining research. The proposed model and tool positioning error compensation method offer
an effective and practical solution for improving the surface profile accuracy of optical components, thereby enhancing
the precision and efficiency of manufacturing processes. The proposed method contributes to the advancement of high-
precision optical component manufacturing with minimal post-processing costs, providing a novel approach in the fields
of instrument engineering and precision mechanical engineering.
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AHHOTaNMS

Beenenune. [Ipon3BoACTBO ONTHYECKNX KOMIOHEHTOB ¢ OOMNBIIUMHU pajycaMu ChepuIecKuX MOBEPXHOCTEN TpebyeT
HCKITIOYUTETBHO BBICOKOH TOUHOCTH MPOGHMIIS MOBEPXHOCTH. He3HaunTeIbHbIE OTKIOHEHNUS B MO3UINOHUPOBAHUN
peXyIero NHCTPYMEHTA, BEI3BAaHHBIE TAKIMH (aKTOpPaMHU, KaK MEXaHHYECKHUH mModT, Termosas aeopmarus u
OIIMOOYHOE TTO3UI[OHUPOBAHNE HHCTPYMEHTA, MOTYT IIPHBECTH K OMMOKe B pasMepe 00paboTaHHOI MOBEPXHOCTH —
B YaCTHOCTH, BBICTyIIaM, KOTOPBIE CBHJIETEIBCTBYIOT 00 ommubke o6paboTku. HecmoTpst Ha mupoKuii criekTp
HCCIIeIOBaHNUH, MOCBSIIEHHBIX U3HOCY HHCTPYMEHTA M 00IMM omHrOKkaM oOpaboTKH, HEJTOCTAaTOYHO BHUMAHHS
YAEJICHO TeOMETPUYECKOMY MOJECIMPOBAHHUIO M KOPPEKLUH J1e(EKTOB, BHI3BAHHBIX OLIMOKAMHU MMO3HIIMOHUPOBAHHMS
UHCTPYMEHTA. MeTO}]. npe}lCTaBHCH KOMILJIEKCHBI I noaXxoa K reOMETpu4Y€CKOMY MOACIUPOBAHUIO BJIIMSAHUSA
OIIMOOK MO3UIIMOHUPOBAHUS PEXYIIEro HHCTpyMeHTa Ha mpoduns oOpaboTanHo# moBepxHOocTH. Pa3paborana
MaTeMaTHdecKkas MOJeNb, IMUTHPYIOIIAs B3aMMO/ICHCTBHE HHCTPYMEHTA U C(hepHIeCKOi TOBEPXHOCTH, UTO TTO3BOJISIET
TOYHO OIEHWUTH OMMOKY paguadbHOro pazmepa oOpaboTku. Ha ocHOBE 9THX JaHHBIX MPEINIONKEH HOBBIH METOT
KOMITCHCAIINH OMIMOKH, ITO3BOJISTIONINH KOPPEKTUPOBATh OMMOKH ITyTeM W3MEHEHHs TPACKTOPUH MEepEeMEeIIeHNUs
nHcTpyMeHTa. OcHOBHBIE pe3yJabTaThl. [Ipe/uiokeHHast MOJEeb ¢ BEICOKOH TOYHOCTBIO TIPEICKa3bIBaeT ()OPMUPOBAHIE
1 XapaKTePHCTHKH BBICTYIIOB, BO3HUKAIOMINX BCJICICTBHE CMEIIEHHS HHCTPYMEHTa IpH 00padoTke cdhepraeckux
HOBEpPXHOCTEH ¢ 00bIINM pasnycoM. BHeqpeHne MeToa KOMIIEHCAIMH CYIIECTBEHHO CHIDKAeT KOJIMYECTBO Opaka,
yiydlnas FeOMETPUYECKYI0 TOYHOCTh U YMEHbIIas MOTPEOHOCTh B AOMOJHUTENbHONU 00padoTke. O0cyskaeHMe.
Paccmotpenne 1e(eKToB, BbI3BAHHBIX OLIMOKAMU MO3ULIMOHUPOBAHNUSL, TO3BOJISAET PEUIOKUTD HOBBIH METOI, paHee He
PacCMOTpPEHHBIH B HCCIIEIOBAHMAX 110 TOYHOI 00paboTke. [Ipennaraemas Moaens U METOJT KOMIIEHCALIUH TTOTPEIIHOCTH
TIO3UIHOHNPOBAHIS HHCTPYMEHTA IEMOHCTPHUPYIOT 3P (HheKTHBHOE M MPAKTUUECKOE PEIISHHE IS TTOBBIICHUSI TOYHOCTH
TIPO(UIISE ONTUYECKUX KOMITOHEHTOB, YTO CIIOCOOCTBYET YBEITMICHHIO TOYHOCTH ¥ A(P(EKTHBHOCTH MTPON3BOJICTBEHHBIX
nponeccoB. Pa3paboTaHHBIIl METOX BHOCHT BKJIAJ B Pa3BUTHE BEICOKOTOYHOTO ITPOHM3BOJICTBA ONTHYECKUX H3EIHH
C MUHUMaJIEHBIMU 3aTpaTaMM Ha MOcToOpadoTKy, obecrneunBas HOBBIH MOAXOA B 00JACTH NPUOOPOCTPOCHUS U
NPEIU3HOHHOTO MAIIMHOCTPOCHUSL.

KiroueBnle c10Ba
MOTPEIIHOCTH 00pabOTKH, H3HOC MHCTPYMEHTA, BEICOKOTOYHOE TIPOM3BO/ICTBO, PPe3epOBaHKUE BOTHYTHBIX TIOBEPXHOCTEH,
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Introduction

The instrumentation and precision manufacturing
industries have witnessed remarkable advancements
in recent years, primarily driven by the increasing
demand for ultra-high accuracy components in fields,
such as optics, aerospace, and microelectronics. Within
these domains, particularly in the fabrication of optical
components, geometric precision and surface integrity,
are paramount. Optical elements, such as concave mirrors,
spherical lenses, and freeform surfaces, must exhibit strict
dimensional fidelity and surface smoothness to achieve
their intended optical performance. One of the persistent

and critical challenges in achieving such accuracy lies in
the occurrence of cutting tool positioning errors which
introduce localized surface anomalies such as protrusions
and profile distortions, especially in the machining of large-
radius spherical surfaces.

Cutting tool positioning error refers to the deviation
of the actual tool location from its programmed position
during the machining process. These deviations can arise
from a variety of sources, including mechanical backlash,
thermal deformation, encoder inaccuracies, servo lag,
tool-holder deflection, or misalignment during setup. In
multi-axis Computer Numerical Control (CNC) machining
environments, such errors become increasingly impactful,
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particularly when the contact geometry between the tool and
workpiece is sensitive to small variations in tool orientation
or position. This sensitivity is magnified in large-radius
spherical surfaces where the surface curvature is subtle —
thus any slight misalignment of the cutting edge can result
in geometrically significant protrusions or irregularities
that degrade the optical quality of the component.

In modern manufacturing systems, closed-loop machine
tools and precision equipment are often employed to
mitigate such errors. However, even high-end imported
machinery suffers from degradation over time, limited setup
flexibility, and environmental influences such as thermal
fluctuations, which further contribute to mispositioning.
These conditions are exacerbated in complex geometries
like concave or freeform surfaces where the spatial
tool—surface interaction is nontrivial and continuously
changing. Therefore, accurately modeling, detecting, and
compensating for tool positioning errors becomes crucial
for ensuring the desired surface profile and minimizing
costly rework or post-processing.

Numerous studies have addressed the general problem
of machining errors, surface roughness, and tool wear
in freeform and precision surface manufacturing. For
instance, in [1] introduced a surface-shape-based method
for finishing freeform surfaces, optimizing local finishing
performance but assuming ideal tool positioning. Likewise,
in [2] modeled the topology of freeform surfaces generated
by ball-end milling, providing critical insight into surface
generation mechanics but not explicitly accounting for
spatial tool mispositioning. The sensitivity of optical
components to surface errors was further emphasized in [3],
which demonstrated the design and fabrication of concave
lens arrays on aspheric curved surfaces — highlighting the
need for high geometric fidelity throughout the process.

In [4] focused on the surface roughness variations
during concave surface milling of AISI 420 steel, exploring
how process parameters affect surface texture, though again
under the assumption of ideal tool trajectory. A more direct
link to positioning control is found in [5] which proposed
a double-point contact tool positioning method using a
barrel cutter for concave surfaces, thereby enhancing
surface conformity and reducing form error. Similarly, in
[6] investigated the influence of tool path strategies and
cutting parameters on tool deflection and cutting forces —
factors that directly impact the spatial accuracy of tool
positioning.

Advances in CNC programming and specialized
tooling have also contributed to reducing form errors.
Research [7, 8] introduced precision machining methods
for concave-arc and cone-end milling cutters respectively,
offering improved tool profiles that can reduce sensitivity
to positional deviations. Additionally, in [9] explored
surface micro-textures to enhance anti-adhesion properties,
indirectly contributing to better tool stability and reduced
deviation during dry cutting conditions. In [10] presented
CNC form milling for concave-convex arc-line gears,
underscoring the precision demands in gear tooth profile
machining.

From a modeling perspective, mathematical approaches
have been used to predict and correct machining deviations.
In [11] presented a model for machining internal double-arc

spiral bevel gears using finger milling cutters, integrating
geometric and kinematic considerations relevant to
positioning accuracy. In [12] laid out foundational
knowledge in optics fabrication and precision machining
methodologies, establishing key metrics for surface quality
and geometric error evaluation. Furthermore, in [13]
examined geometrical errors in surfaces produced using
concave and convex profile tools, highlighting the need
for precise tool placement during milling. Research [14]
provided a comprehensive review of polishing techniques
for optical parts, emphasizing the need for minimal surface
error prior to finishing. More recently, in [15] investigated
the influence of tool structure and cutting orientation
on force generation, offering insight into the positional
stability of double-arc milling cutters under dynamic load
conditions.

Despite these advances, there remains a significant
gap in the literature regarding the explicit modeling and
compensation of tool positioning errors as a source of
localized protrusions or profile distortions, especially in
the context of large-radius spherical surface machining.
Traditional error compensation methods tend to focus on
general tool wear, thermal effects, or vibration-related
deviations, and often assume a predictable, uniform error
distribution. However, positioning errors are frequently
non-uniform and manifest as localized surface features
which are difficult to detect in-line and are even harder
to remove through polishing or re-machining without
compromising the global geometry.

To bridge this gap, the present study proposes a
geometric modeling framework and compensation strategy
specifically targeting surface deviations caused by cutting
tool positioning errors. The focus is on the manufacturing
of optical parts with large-radius spherical surfaces,
where the tool-surface interaction is highly susceptible to
positional misalignments. A detailed mathematical model
is developed to analyze how deviations in tool position
translate into profile errors, particularly protrusions that are
often observed in post-process inspection of high-precision
optical components.

The model incorporates parameters, such as tool
geometry, intended tool path, surface curvature, and
local tool orientation. Furthermore, a compensation
strategy is proposed that can either adjust the tool path
in the Computer-Aided Manufacturing software prior to
machining or guide post-process corrective actions to
eliminate the resulting surface defects.

Experimental observation of protrusion formation

Precision machining of large radius spherical surfaces
requires strict control over cutting tool positioning, as
even minor deviations can lead to significant geometric
defects. A critical issue observed in the milling of concave
optical components, particularly on the LOH300 machine,
is the formation of a central protrusion, a defect directly
linked to tool alignment errors and path inaccuracies.
This protrusion degrades both the geometric accuracy and
optical functionality of the machined surfaces.

In the standard setup, the workpiece rotates on a
table while the inclined milling cutter feeds vertically,
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with longitudinal adjustments refining the cutting path.
This configuration enables high precision spherical
concavities, but its success hinges on exact tool positioning.
Deviations in the cutter inclination angle, vertical descent,
or longitudinal displacement disrupt the intended tool
workpiece interaction, often resulting in a residual central
protrusion. Such errors are exacerbated in large radius
machining where slight misalignments produce amplified
surface distortion.

To visualize the setup, consider the schematic shown
in Fig. 1, which illustrates the spatial arrangement of the
milling cutter and the rotating workpiece. As shown, the
inclined cutter rotating edge intersects with the workpiece
surface to remove material, thereby generating the concave
spherical profile.

To better understand the material removal process,
a cross-sectional analysis of the cutter and workpiece
interaction is presented in Fig. 2. The cutting edge of the
milling tool traces a spatial path that forms a segment of
a toroidal surface. This toroidal surface intersects with

Miller cutter in-plane offset direction

[
»

Miller cutter

\. Cutting edge

Workpiece

Feed direction

Fig. 1. Schematic of the milling setup

N
N

the spherical volume of the rotating workpiece. Material
removal occurs at the intersection point, generating a
concave surface whose curvature is a function of both
cutter geometry and motion parameters.

The cutter is capable of longitudinal and angular
movement relative to the rotation axis of the workpiece.
Errors in these movements can result in undercutting,
manifesting as a protrusion at the center of the concave
surface.

The physical manifestation of this defect is shown in
Fig. 3. A clear central protrusion appears at the center of the
machined spherical surface, resulting from misalignment
in the cutter path relative to the workpiece axis. This
geometrical error distorts the intended concave profile
and is especially problematic in precision applications like
optical components.

After identifying the source of the error, corrective
measures were applied to adjust the cutter inclination angle
and ensure proper longitudinal feed displacement. The
result of these adjustments is presented in Fig. 4.

As seen in Fig. 4, the protrusion has been completely
removed. The surface now conforms to the desired spherical
geometry, confirming that precise tool alignment and feed
optimization are essential for defect-free machining.

This real-world observation provides context for the
geometric behavior illustrated in the following schematic,
which conceptually models the cutter misalignment and its
consequence on surface geometry.

Geometric modeling of cutter misalignment effects

The phenomenon of central protrusion is further
analyzed through geometric modeling. Fig. 5 depicts how
cutter misalignment during the milling process results in a
protrusion forming at the center of the machined surface.

To mathematically describe the protrusion formation,
the motion of the cutter edge relative to the workpiece
is modeled using hypocycloidal geometry which can be
described by the following parametric equation:

%Miller cutter edge lateral section

Workpiece rotation axis ‘\\

\ Miller cutter rotation axis

Workpiece

|

J\J

Fig. 2. Cross-section of the milling cutter and workpiece during processing
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R, —R
x = (R, — Rg) cos B + Rgcos — °p
Rs ()
R, —R
y=(R; — Ry)sin p — Rgsin LR 5B
S

where R; is the radius of the larger circle, Ry is the radius
of the smaller circle, and B is the rotation angle of the
smaller circle.

When a circle with radius Rg rolls along the inner side
of a circle with radius R; by an angle B, point 4, located on
the circumference of the smaller circle, moves to point 4’,
according to the equation (1) the coordinates change as the
following equation:

N

AB) = <(RL — Rg) cos B+ Rgcos RL; Rs B,

(R, —Ry) sinB—RSsinRL;RS ﬁ). )

N

20 mm
I

Fig. 3. Machined part before correction — central protrusion
clearly visible

Fig. 4. Machined part after proper tool alignment — protrusion
successfully removed

Rcutter

Rprocess

Protrusion height

Fig. 5. The protrusion formed during the milling process;
Rprocess 18 desired radius of the machined spherical surface;
Rytter 18 the radius of the milling cutter tip used for machining

This motion is conceptually depicted in Fig. 6, where
the smaller circle rolls inside the larger circle and traces a
path via a fixed point on its circumference.

The central protrusion can also be analyzed
geometrically as shown in Fig. 7. A larger circle with R; and
center at point O represents the reference spherical surface.
The smaller circle rolls along the inner circumference from
left to right. A vertical line OB intersects the lower point
of the larger circle. Point A marked on the smaller circle
rolls and eventually coincides with point B on line OB.
The straight-line 4O connecting point 4 to the center O
change its length during this motion, ranging from R; — Rg
to R;.

Fig. 6. Rolling of a smaller-radius circle along the inner
circumference of a larger-radius circle

i

Point

Ry

Fig. 7. The rolling of the milling cutter onto the workpiece
(point O is outside the drawing); K is a point of tangency
between the milling cutter and the machined surface profile; {

is the angle formed at point K between the milling cutter radius

and the machined surface; A is angle at point B between the
machined surface profile and the horizontal reference (axis)
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2100

R53.50 |

a7

Fig. 8. Cross-section of the milling cutter and the workpiece
(diameter 100 mm refers to the cutting radius center point)

The length of the line segment 4O can be calculated as
a function of angle p:

AOPB) =V (x4~ X0 + (4~ y0)% 3)

where (xp, ¥o) is the coordinate of point O, which are
both zero; (x,, y4) is the coordinate of point, which were
determined in equation (2). By substituting the values from
equation (2) into equation (3), the full expression becomes:

2
R,—R
((RLRS)cosB+RScos LR Sﬁ) +
s

R fRSB 2- @
Rg

A0(P) =
+ ((RL — Ry) sin B — Rgsin —

Geometric analysis of tool-surface interaction
in spherical machining

To validate the analytical model and gain visual
insight into the tool movement and material engagement,
a computation study was conducted using numerical
modeling. The objective of the model was to replicate
the real-world conditions of the machining process
and examine the interaction between the cutter and the
workpiece, especially in the region near the axis of rotation.

The analysis modeled a two-dimensional cross-section
of the cutter and the workpiece, capturing the exact
geometry of the toroidal tool and the spherical cavity.
Parameters used in the model included:

— Cutter radius Rg= 3.5 mm;
— Workpiece radius R; = 53.5 mm.

This setup is visualized in Fig. 8.

A key part of the modeling involved determining how
far the cutter needed to move to ensure full coverage of the
spherical surface. This was analyzed by constructing an arc

that represented the necessary rolling distance of the cutter.
Fig. 9 shows this construction which defines the chord
length and the corresponding arc required for the tool edge
to move from the periphery to the central region.

Using this setup, the angle B corresponding to the arc
length was measured to be 6°09' (for substitution into the
hypocycloid model 0.1073 rad). Substituting angle value
into equation (4), precise distance from the cutter edge to
the workpiece center during operation is computed

Evaluation of protrusion formation based
on tool path error analysis

The computational analysis results validated the
theoretical prediction that a hypocycloidal cutter trajectory
may produce a central protrusion if the longitudinal
displacement is not properly aligned. Specifically,
the computed value of AO0(B), using equation (4) with
B =0.1073 rad, yielded a distance of 50.871 mm. This
result closely approximates the target spherical radius
R; =53.5 mm, thereby demonstrating the high accuracy
and practical relevance of the analytical model in the
context of precision machining.

The close agreement between model-based results
and analytical predictions confirms the suitability of
hypocycloidal trajectory modeling for analyzing and
optimizing spherical surface machining. In particular, the
visual outputs of the computational model clearly illustrated
that insufficient longitudinal feed, tool inclination error, or
tool positioning inaccuracies can result in undercutting or
surface protrusions at the center of the machined region.
Such deviations highlight the sensitivity of the process to
even minor misalignments in the cutter path.

Beyond validating the analytical formulation, the
computational modeling process also provided valuable
insights into machining process optimization. It was
shown that increasing the longitudinal feed displacement
or adjusting the cutter inclination angle can ensure full
engagement between the tool and the spherical surface.
Moreover, minimizing tool positioning errors — both in
the feed direction and angular alignment — is essential

2100

R53.50

6°09" !

o7 / a7

5.74

-

Fig. 9. Construction of the arc of the required length
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to maintain geometric accuracy and prevent surface
defects. These measures help improve surface finish,
reduce dimensional deviations, and minimize the need for
corrective rework.

These findings have direct implications for high-
precision machining applications, particularly in areas
such as optical component manufacturing where sub-
micron accuracy and flawless surface integrity are
critical. Incorporating the hypocycloidal trajectory model
into machining strategies enables accurate prediction
and compensation for potential deviations caused by
tool misalignment or positioning errors. The strong
correlation between the analytical model and computed
results confirms that this approach can significantly
enhance machining reliability and accuracy, especially for
components with large-radius spherical geometries.

Conclusion

This study presented a comprehensive investigation
into the geometric modeling and compensation of cutting
tool positioning errors in the machining of large-radius
spherical surfaces. Starting from experimental observations
of central protrusion defects, the work identified that minor
misalignments in the tool inclination or longitudinal feed
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